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FOURIER COEFFICIENTS FOR TWISTS OF SIEGEL PARAMODULAR 

FORMS (EXPANDED VERSION) 

JENNIFER JOHNSON-LEUNG 
BROOKS ROBERTS 


Abstract. In this paper, we calculate the Fourier coefficients of the paramodular twist of a Siegel 
modular form of paramodular level A by a nontrivial quadratic Dirichlet character mod p for p a 
prime not dividing N. As an application, these formulas can be used to verify the nonvanishing of 
the twist for particular examples. We also deduce that the twists of Maass forms are identically 
zero. 


1. Introduction 


Let be the space of Siegel cusp forms of paramodular level A, weight k, and degree 

two; if A = 1, then this is the space of Siegel cups forms, 5fc(Sp(4,Z)). Let p f A be an odd 
prime, and let x = (p) be the nontrivial quadratic Dirichlet character of conductor p. In [JR3], 
we introduced a twisting map 7^ : 5fc(rP®'™(A)) —> 5fc(rP“'^(Ap^)). This map is induced by a 
corresponding local twisting map, which we studied in [JR2]. The nature of this local map implies 
that Tx is an analog, at the level of Siegel modular forms, of the map sending a cuspidal automorphic 
representation of GSp(4)/Q to its twist by x- 

In this paper, we explicitly calculate 7^ in terms of Fourier coefficients. Let F G 
have the Fourier expansion 

F{Z) = Y, 

S£A{N) + 

and write the Fourier expansion of 7^(F) as 

Tx{F){Z) = Y. 

SGA{Np^) + 


a 0 
0 7 


with 


Here, A(A)+ and A(Ap‘^)+ are defined as in (2), IF(x) is the Gauss sum of x, and S = 

a, 2/3 ,7 G Z. The main result of this work calculates the coefficients ax{S) in terms of a{S). In 
particular, we prove that if p f 2,0 then 


p-i 


ax(‘S')=/ ^x{‘^P)YAb)a{S[ 


b=l 


—hp ^ 

p 


])• 


Here S'fA] = ^ASA for a 2 x 2 matrix A. This formula is analogous to the formula for the twist 
of elliptic modular forms ax{n) = IT(x)x(^)a(^) given, for example, in [Sh]. When p \ 2/3, the 
formula for cixi^) i® niore complicated. The full statement appears in Theorem 3.1 below. 
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As a corollary of the theorem, we also prove that if = 1 and F is in the Maass space, then 
Tx{F) = 0. This result may be viewed as an additional check of the formulas of the theorem 
since, as explained below, the vanishing on the Maass space can also be proven by a different 
argument. In the more complicated expressions for a^(S'), the vanishing requires cancellations 
between terms coming from different pieces of the operator as expressed in [JR3]. In our view, this 
nontrivial cancellation indicates that the expressions in the theorem do not enjoy further nontrivial 
reductions. 

On the other hand, Ty^{F) is generally nonzero. For example, if = 1, p = 3, and F = T20, we 
verify below that IxiF) ^ 0 using the formula of Theorem 3.1 and the coefficients provided in the 
database [LMF] . More generally, if F is a paramodular newform and the local component at p of 
the corresponding automorphic representation is generic, then Fy^{F) is a nonzero newform [JR2]. 
Therefore, our result provides an additional source of explicit examples of paramodular newforms. 
These examples might be used to investigate the paramodular conjecture of Brumer and Kramer 
[BK] or the paramodular Bocherer’s conjecture [RT]. 

We note that in [An] Andrianov studies a twist, depending on X; on Fourier coefficients of Siegel 
modular forms with respect to Fo(A^) and the principal congruence subgroups. The motivation for 
this map appears to be rather different from the twist considered in our work. Indeed, it is easy 
to see from the formulas below that this twist does not agree with 7^ in the case when the groups 
coincide {N = 1). 


2. Notation 


Let 


J = 


— 1-2 


The algebraic group GSp(4) is defined as the subgroup of g G GL(4) such that ^gJg = A(g')J for 
some X{g) £ GL(1) called the similitude factor of g. We let Sp(4) be the kernel of the homomorphism 
defined by p i—)• X{g). define GSp(4,M)''' as the subgroup of GSp(4, M) such that X{g) > 0 and For 
N a positive integer, we define the paramodular group of level N as 

■ Z Z N-^Z Z 

NZ Z Z Z 

NZ NZ Z NZ 

NZ Z Z Z 


rpara(Ar) = Sp(4, Q) H 


Let be the Siegel upper half plane of degree 2. The group GSp(4, 


h{Z) = {AZ + B){CZ + D) 


-1 


h = 


A B 
C D 


acts on S )2 by 
Z £ S^2- 


For a function F : S)2 ^ C, h G GSp(4,M)"'' as above, and a positive integer k, we define the 
function Fj^ : ^32 —t C via 

{F\kh){Z) = X{h)^j{h, Z)-^F{h{Z)), Z G i02, 


where j{h,Z) = det(C'Z + D) is the factor of automorphy. We use the notation of [PY] as re¬ 
gards Siegel modular forms defined with respect to the paramodular groups. In particular, we let 
be the space of Siegel modular cusp forms of weight k, degree two, and paramodular 
level N. Let F £ F has a Fourier expansion 

F{Z) = (1) 

SeA{N)+ 
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for Z € Sj 2 - Here, A{N)~^ is the set of all 2 x 2 matrices S of the form: 


S = 


a P 
P 7 


a € NTj, 7 G Z, P € -Z, a > 0, det 


a P 
P 7 


= a7 — > 0. 


( 2 ) 


Since = F for the elements g G 'rP^^^(N) of the form 

1 mN~^ 


or of the form 


9 = 


A 


9 = 




1 


1 


m G Z 


A = 


ai 02 
03 04 


G GL(2,Z), 03 = 0(N) 


we have for all S in A{N)~^, 
and 


a{S) + 0 


N I a 


oCASA) =det{A)^a{S), 


A = 


Ol 02 
03 04 


G GL(2,Z), 03 = 0(iV). 


We fix p to be an odd prime with p \ N. For o G Z and ^ a Dirichlet character mod p, we define 
the Gauss sum 

W{^,o)= Y. 

and we let W{^) = 1). Throughout this work, x is the nontrivial quadratic Dirichlet character 

mod p. Note that x = (p) is the Legendre symbol, and hF(x, a) = x(a)hL(x)- For S as in (2), we 
let 

fs{X) = ap-^X^ - 2Pp-^X + 7 . (3) 

3. Results 

In this section, we present the main results of this paper. The proofs appear in Section 4. 

Theorem 3.1. Let N and k be positive integers, p an odd prime with p \ N , and x the nontrivial 
quadratic Dirichlet character modp, i.e. x = (^p)- LetT^ : —)• Sk{T^‘^^^{Np‘^)) be the 

twisting map from Theorem 3.1 of [JR3]. Let F G Sfc(FP^''®'(A^)) have the Fourier expansion 


F{Z)= Y 


j27ritr(5Z) 


SeA{N) + 

Then the twist of F has the Fourier expansion 

UF)iZ) = Y 


where a^{S) for S = 


a P 
P 7 


S&A{NpA+ 
is given as follows: 


(i) If p\2P and p^ \ a, then 


:{S)=p^-\m Y x{h)a{S[ 

be(z/pZ)x 


1 —bp 
P 


-1 


])• 


( 4 ) 


















4 


JOHNSON-LEUNG AND ROBERTS 


(ii) //p II 2/? and || a, then 

ax{S)=p~^ ^ x{ab{2Pp~^a--i))a{S[^ (a+^&)p 

a,h^{T.lpLY ^ ^ 

+ P"^ X] x(a^(l - 2;)(a2:ap"'^ - 2/3p“^))a(5[ ^ ]) 

a^z^{’LlpL) ^ 

-p“V(ap"'‘)a(5[ ^ ^2 ])+P^"^x(-ap"^)a(*S'[ ^ ]) 

+ /-R(-7)<>(S[p ®7]]), (5) 

where xap~'^ = 2f3p~^{p‘^) and y2Pp~^ = — 7 (p^). 

(iii) If p \ \ 2/3 and p^ \ a, then 

ax(S)=P~^ ^ x(a6(2/3p“^a-7))a(S’[ ^ (a+^&)p 

a,b&{'L/pZ)^ 

+ p''“^x(-7)a(<5[ ^ ^-1 ])-P“^x(2/3p“^) ^ x{a)a{S[^ ]), (6) 

where y G (Z/p^Z)^ is such that 2j3p~^y = —7(p^). 

(iv) //p^ I 2(3 and p"^ || a, i/ien 

a;,(5) = 6^,(5)+ c;,(5) +4(5) (7) 

where 

KiS) = {I-p~^)x{l)a{S)-p~^x{l) a(<5[ ^ ]) 

b&CL/pl)^ ^ 

+ X] x{y{'^-x){ap~'^{^^^Y^)b^+ 2l3p~H-xx~^))a{S[^ ]) 

x,y^l{p) 

+ /“^(x(7)+PX(-4det(5)p“4) - x(-ap“^)^(l,2/37>“^))a(5[ ^ ^ ]) 

+ p^~^x{—(^P~‘^) Yj 44^(1) 2/3p“^ — xap“^)a(5[ 

X&ijplj 

+ !>“"“ E E x(*-(l- 2 )( 7 - 20 p-V))a(S[|>’'‘ “ 4 |l) 

be(Z/p2z)x z&{Z/pZ)^ 

p2|(ap-lfe2_2^p-2^^^) ^^l(p) 

-p“4(ap"^) Y ^ ]) 

a&{Z/pZ)>^ 
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+ P x{ap ){px{-4:det{S)p ) - W(l,7))a(5[ 

^-2 


P 


-2 


P 


]) 


+ (1-P )xiap )a(S’[ 


P 




]), 


c^{S) = < 


and 


p^’^-\{ap-^)W{l,4:detiS)p-^)a{S[ 

0 


P 


-2 


]) if p^ I det(S') and xil^tp ^) = 1 
otherwise, 


dxiS) = 


p^^-^x{ap~^)Wil, 4p-^ det(5))a(5[ 


^-2 


ap 

-1 


-3 


P 


x(ap °(p —l)a(5[ 


P 


-2 


ap 

-1 


-3 


P 


]) 




p ^ —bp 

p-2 


-4 


0 


]) i/p® I 4det(5) 
and p® f 4det(5) 

i/p® I 4det(5) 


otherwise, 


where a G {’Ljp'L)^ satisfies 2ap = 2/3p ^(p) and b G satisfies 2ap % = 

2/3p“^(p^). (If a or b does not exist, then the corresponding term is 0.) 


(v) If p^ I 2/3 and p^ \ a, then 

ax('S') = - P~^)x{'l)a{S) - p~^x{x) Y1 

be(z/pZ)x 


1 —bp 
1 


-1 


]) 


■P 


k-3 


Y1 Y1 x((l - a;)(2/36p ^-7x ^))a{S[ 


6e(z/pZ)x xe(z/pz)x 
x^l(p) 


p ^ —6p 


- 2 ' 


]) 


+ / ^X(7)(l-P + PX(-4det(5)p '^))a(5'[ 


p 


-1 




E 


a(S’[ 


be(z/p2z)x 

p^|(ap“'*6^—2/3p“^6+7) 


p ^ —6p 

p"i 


1 

-3- 


( 8 ) 


As mentioned in the introduction, it is easy to verify that 7^ is not identically zero. For example, 
let = 1, p = 3, and let F be the Siegel cusp form T20 in [LMF]. Then using (4) the coefficient 
®x([22 6^]) calculated to be nonzero as follows: 




81 22 
22 6 


) = 3-i9x(44)(a( 
= -3-^9(a( 


81 39 
39 19 


) - a( 


81 12 
12 2 


)) 


1 0 
0 18 


) - o( 


2 0 
0 9 


)) 


= -3-^^(2256995864880 + 4329978670800) 
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2256995864880 
“ 1162261467 

On the other hand, when restricted to the Maass space, 7^ is identically zero, as asserted by the 
following corollary. 

Corollary 3.2. Let the notation he as in Theorem 3.1, and assume that k is even and N = 1. If 
F is in the Maass space as defined in [Ma], then T^iF) = 0. 

The proof of this corollary is a calculation using the formulas given in Theorem 3.1. This result is 
expected as a consequence of the nature of the twisting map. Indeed, we can give a representation 
theoretic proof of the corollary as follows. Let F be as in the corollary, and let V be the subspace 
of the cuspforms on the adeles of GSp(4)/Q generated by F. Then 1/ is a direct sum of hnitely 
many irreducible subspaces, Vi. We have Vi ~ where ni^v is an irreducible, admissible 

representation of GSp(4, Q.y) with trivial central character, and for hnite v, iTi^v is unramihed of 
Saito-Kurokawa type ([RS] Section 5.5, [RS2], [Sc]). By the construction in [JR2] and [JR3], Tx{F) 
lies in a space that is the direct sum of irreducible subspaces isomorphic to ® Xv)- Here, 

we regard x as a character of the ideles as in [JR3]. However, by Lemma 5.5.2 of [RS], we see that 
(g) Xp is not paramodular, and hence T^iF) = 0. In our view, the explicit proof of the corollary 
is strong evidence for the accuracy of the formulas given in the theorem. 


4. Proofs of the Theorem and Corollary 


We begin with a lemma that will be useful in evaluating character sums. 

Lemma 4.1. Let A,B,C G Z and assume that A^Q{p) or B ^ 0 {p). Set D = B^ 


+ Bx + C) 

icGZ/pZ 


(P - l)x(H) ifD = 0 {p) 

-X(H) ifD^0{p). 


In particular, i/ oi, 02 , 6 i, 62 G Z with ai ^ 0 {p) and 02 ^ 0 (p), then 


^ X{aix + bi)x{a2X + b2) 

fcGZ/pZ 


(P- l)x(aia2) 

-X(ai02) 


if aib2 = 0261 (p) 
if aib2 ^ 0261 (p). 


4AC. Then 


Proof. Assume first that A = 0 (p); by assumption, B ^ 0 (p). We have 

x{Ax^ + Bx + C)= Y xiBx + C)= Y Xix) = 0, 

aiGZ/pZ ic£Z/pZ x^W^IpL 

as claimed. 

Now assume that A ^ 0 (p), so that we may consider A G {fiLjpTlI)^. Then 

Y x{Ax^ + Bx + C) = x{A) Y X{x^ + I^~^Bx +A~^C). 

Since B^ — 4AC = 0 (p) if and only if {A~^B)‘^ — 4(A“^C') = 0 (p) we may assume for the remainder 
of the proof that A = 1 (p). 

Assume that H = 0 (p). We have 

Y X{x^ + Bx + C)= Y x{{x + B/2f)=p-l. 
a:GZ/pZ x&ijpL 
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Assume that D ^ 0{p) and there exists s G Z such that {s,p) = 1 and s'^ = B'^ — 4C (p). Then 
X{x'^ + Bx + C)= Y Xi{x +B/2f - {s/2f) 

a::GZ/pZ xGZ/pZ 

= Y xix + B/2 + s/2)xix + B/2- s/2) 

xGZ/pZ 

= Y X{x)x{x-s) 

= Y x{x)x{x - s) 

= Y 
= Y 

= Y xi'^-x) 

xe(z/pZ)x 

= -l+ Y x{'i--x) 

x&,lpL 

= - 1 . 

Assume that D ^ 0 (p) and B^ — 4C is not a square mod p. We have 
Y x(x^ + Sx + C)= Y x((x + B/2}^ - D/4) 

x&ijpL x^'L/pL 

= Y x{x^-D/4) 

x^'L/p'L 

= x{-D/ 4)+2 Y x{y-D/4) 

= x(-^/4)+2 ^/y-D/4)-2 Y x{y-D/4) 

y&{ZlpZ)'^ y&{Dl4){ZlpZ)'^2 

= xi-D/4)-2xi-D/4) + 2 Y x{y-D/4)-2 Y xiy-D/4) 

j/SZ/pZ pg(D/4)(Z/pZ)x2 

= -xi-D/4) - 2 x{y- d/4) 

pe(D/4)(Z/pZ)x2 

=-xi-D/4)-2 Y xiD/4)xiy-l) 

pe(z/pz)x2 

= -xi-D/4) - xiD/4) Y - 1) 

xe(z/pZ)x 

= -xi-D/4) - xiD/4) ( - x(-l) + Y 
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= -xi-D/4) - x(^/4)( - x(-l) - 1) 

= x(^/4) 

= - 1 . 

This completes the proof. □ 


Proof of Theorem 3.1. Let F G with Fourier expansion given in (1). In [JR3] Theorem 

3.1 it was proven that F^F = Y2i=i where each 7^ is an explicit finite formal sum of the 

form 

Ti= T, 

Let Z G S) 2 - It follows that each {F\kF^){Z) has the form 

{F\kT^){Z)= (9) 

S£A{n)+ iei jeJ 

5eA(Ap4) + 

The ai{S) for each I G {!,..., 14} and S as in (2) are computed as follows: 

The case / = 1: From [JR3] Theorem 3.1, we have 


1 Qij 
1 


Pi 


t p—^ 


{F\kT^){Z) = p Y a{S) Y X{ab) 

S£A{N)+ a,b,xe{Zlp^ZP 


( E 


27ritr(5' 

e 


—4 

zp 

-bp-‘^ 


-bp-^ ■ 
-x~^p~^ 


) 27ritr(S[ 

)e 


(a + xb)p ^ 
1 


m 


Then the inner sum is calculated as 

,2,i(-7p-‘i-‘-2Wp->+o.p-*) _ 1 if p*" I a, 


E 

^gZ/p'^Z 

Now, (FlkTy)(Z) is computed as follows: 


0 


otherwise. 


2'Kitr{S[ 


P~'^ Y1 Y1 a(5)x(a6)e-2"(T'^’^ e 

SeA(Ap4)+ a,b,x£{Zlp3zp 

= P~’^ Y1 

SeA(Ap4)+ a,b,xe{Zlp^ZT 


1 (a + bx)p 

1 


]Z) 


27r7tr(5'[ 


1 (a + b)p 

1 


]Z) 


= P Y1 Y1 Y1 a{S)x{abxo) 

SeA{Np^)+ a,be{zip^zp xx&jp^z 
xo&i'ZjpZP 


^-2-Ki{'yp+2bp){xo+pxi)p ^ 


27ritr(S[ 


1 (a + b)p ^ 

1 


]Z) 
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27 ritr(S[ 

= o.iS)x{ab)W{x,-'y-2l3p~^b)e 

5eA(Afp4)+ a,b(^{Zlp^Z)^ 
p|2/3 


(a + b)p ^ 

1 


]Z) 


First interchanging the order of summation, consider the map S i—)• ^PSP, for P = ^ (“+&)p 

Evidently, this map is a bijection from {S' G A{Np'^)^ : p \ 2/3} to itself. Continuing the calculation, 
we have 

'1 (a + b)p~^'^ 


= p 


-5 


^ a{S)x{ab)W{x,-J-2(3p-^b)e 


27r2tr(5[ 


1 


]Z) 


a,be(Zlp^Z)>^ SgA(Np^)+ 
p|2/3 


.-5 


=p ^ Y. 

a,be(Z/p3z)x 5eA(Afp4)+ 

p\2p 


1 —{a + b)p ^ 


])xiab) 


W(x, -7 + 2(3p-\a + 6) - a(a + 6) - 2(/3 - a{a + 


p ^ Y Y 

S&A(Np‘^)+ a,be(ZlpZ)>< 
p|2/3 


1 —{a + b)p ^ 


])xiab)Wix, -7 + 2/3p-U)e2-*'-(^^). 


The case 1 = 2: From [JR3] Theorem 3.1, we have 

S£A{N)+ b£{Zlp3Z)x 

—ab{l — (1 — y)~^x)p~^ 


( Y X{axy)t 

a,x,yG{Zlp^Z) x 


27 ritr(S 


-ap 


-2 


—2 

—ap 

—ab~^{l — x)~^p~^ 


) 27 r 2 tr(S'[ 

)e 


p bp 


-1 


]Z) 


The inner sum is calculated as 

■^(^g^^y'j^‘^Tri{-a'rb-^p-^{l-x)-^-2a^p-^-ab{l-x{l-y}-^}ap-^) 




Y^ Y^ Rl-®) V-2/3p-b(l-*(l-y) ^)a)(ao+pai)p 3^ 


aoSCLlpX)^ ax^Tjlp^lj 


We see that this sum vanishes unless p^ \ —2/3p — 6(1 — x(l — y) ^)a, which implies that p \ a. 
Then our sum is 


_p2 x{o-0Xy)e^'"^Y’^ Rl-®) ^P^-2^p-b(l-a:(l-p) ^)a)aop ^ 

aoeiZlpZ)x 
x^y^i^jp^l^ ^ 

p^|—2^p—6(1—a;(l—y)“^)a 
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E 


Ml-a:o) ^p‘^-2l3p-b{l-{xo+pxi){l-y) ^)a)aop ^ 


ao,XQ^{ZfpZ)^ 

xiGZ/p^Z 

y^{TLIp^%Y 

a;o.y^l(p) 

p'^\-2f}p-b{l-{xo+pxi){l-y)~'^)a 


We see that this sum vanishes unless p'^ \ a. Our two conditions are equivalent to the conditions 
that p‘^ I a and p | 2/3. Assume this. Continuing the calculation, we find that our sum is 

—p4 ^^(i^x^yjg2'^i(-'y^~^(^-^o)~^P^-2/3p-b(l-xo(l-y)-^)a)aop-^ 

ao,xoe(ZlpZ)>^ 

ye(Zlp^Z)x 

^o,y^i(p) 

=/ ^ x(xy)W(x,- 7 b~^(l - x)~^ - 2/3p~^ - b(l - x(l - y)~^)ap~^). 

x,yG(ZlpZ)x 

x,y^i(p) 

We now calculate the full sum, 


(FkT^)(Z)=p^-^ ^ ^ a(S)x(bxy) 


sgA(Np'^)+ 6e(z/p3z)x 
p|2/3 x,y(i(ZlpZ)x 
a^.P^l(p) 


W(x, — 7 & ^(1 —a;) ^ — 2/3p ^ — b{\ — x{\ — y) ^)ap ^)e 


\-l 0/3„-l 




27ritr(5[ 


p bp ^ 

1 


]Z) 


p bp ^ 
1 


First interchanging the order of summation, consider the map S i—)• ^PSP, for P = 

Evidently, this map is a bijection between {S' G A{Np‘^)~^ : p \ 2/3} and {S G A{Np^)~^ : | 2/3 

Continuing the calculation, we have 

p~^ —bp~^ 


= p 


k—b 


Y1 Y1 


1 




=p 


fc—5 


b&{Zlp^Z)x seA{Np*)+ 
x,y&{ZlpZ)x p^|2/3 
^,y^Hp) 

^(X) “(7 “ 62/3p“^ + 6^Q:p“^)6“^(l — x)~^ — 2(/3p“^ — bap~^) — 6(1 — x(l — y)~^)ap~'^) 

p~^ —bp~‘^'^ 


Y. Y 


1 




SeA(Ap 4 )+ b&{Zlp^Z)x 
p^|2/3 x,yS(Z/pZ)x 
a:,P^l(p) 

lF(x, (1 - x)“^(- 6“^7 + x2/3p“^ + x{l - y)~^{y - x) 6 ap“^)) 


])x((l-x)y) 


=p‘-3 ^ „(S[K‘ -f" 

S&A{Np^)+b,x,y£(Z/pZ}x ^ 

p2|2/3 x,y^l(p) 

W{x, -JX-^ + 2l3bp-^ + a(l - y)-\y - 
The case 1 = 3: From [JR3] Theorem 3.1, we have 
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{F\kT^{Z)=p^-^ Y, a{S) 

S&A{N)+ 




2'7ritr(S' _n 9 t—1 —1 ) 27ritr(S'[ \Z) 

ap —a b zp J w [ IJ 


6e(Z/p3z)x 

^e(z/pZ)x 

z^l(p) 


The inner sum is calculated as 


I27p2+2a/3p-fea)p 


a(i{%lp?'TLY 

6e(z/p3z)x 

zYT^IpLY 

2^1 (p) 


yy _ 2:))g27rj(-a26Q l2:7p2^2(ao+pai)/3p-(bo+pfei)a)p ® 


ai^JjIpL 
hi gZ/p^Z 
ao ,hQ ,z^{'L ! pLY 

2^1(p) 


This is zero unless p | 2/3 and p^ \ a. Assume this. Our sum is 


yy x{b{l — 


a^b^z^{'LlpL) ^ 

2^1(p) 




^27ri(—a^(l—2)7H-2a/3p ^—OLp ^)hp ^ 


a^h^z^{%lplY ^ 


p3 y^ X{b){{ Y^ 1 ^ _ g27ria27bp i^g27ri(-a27+2a/3p l-ap ^bp ^ 

a,b&{ZlpZY z&{ZlpZ)x 

p^(W{x,x) Yj Yj 

afiY'^IpZY a,b&{ZlpZ)>^ 

P^{W{x,l) Y W{l,-a^x + ‘^aPP~^-P^W{l,2Pp~^)W{x,-ap~^). 

ae(Z/pZ)x 


We now calculate the full sum 

(FlkYiZ) = P^-^ Y a{S)(^{W{x, 7 ) Y W{l,-a^x + ‘2a/3p-^-ap-^)) 

SeA(Vp2)+ ae(Z/pZ)x 

p|2/3 

27rUr(5[ ^ ]Z) 

-W(1,2/3P“')VF(X,-«P“') e L 
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Now, consider the map S i—?■ ^PSP, for P = Evidently, this map is a bijection between 

{5 G A{Np^)^ : p I 2/3} and {S G A{Np‘^)^ : p^ \ 2/3}. Continuing the calculation, we have 

= X] “(-S') ((^(X, 7) X] hE(l,-a^7 + 2a/3p“^ 


SeA(Ap2)H 

pW 


ae 


-W{l,2^p-^)W{x,-ap-^))e 


27r2tr(5[ 


P 


]Z) 


^k—3 


= P'^ " a(5[ 

SeA{NpA+ 
p2|2/3 


P 


])((W^(X, 7 ) Y W{l,-a^j + 2al3p -ap ‘^)) 

a^{Zf] 

- 1E(1, 2/3p-2)lE(x, 


We calculate 

^(X,7) Y + 2al3p~‘^ - ap~'^) 


a€ 


= W(x, 7 )(-W(l,-ap ^) + Y W(l,-a^ 7 + 2a/3p ^ - ap ^)). 


Note that this is zero if p | 7 ; assume that p f 7 - We notice that the Gauss sum W(l,— 0^7 + 
2a/3p~‘^ — ap~^) is p — 1 if a is a root of the polynomial —x '^7 + 2x/3p“^ — ap~‘^ in x modulo p and 
-1 otherwise. Thus, we need only count the solutions for a given S modulo p. The discriminant of 
the polynomial is —4det(5)p“^. Hence, there are no solutions when —4det(5')p“^ is not a square 
mod p, one solution when p \ (—4det(5)p“^), and two solutions when —4det(S')p“‘^ is a square 
mod p and p\ —4det(5')p“^. Thus, the final answer is 

^ a(S[ 

S&A{Np‘^)+ 
p2|2/3 

- W(x,-ap"^)lH(l,2/3p-2)^e2^itr(SZ)^ 

The case I = 4: From [JR3] Theorem 3.1, we have that 


])(w{x, 7 ){-W{l,-ap +px(-4det(S’)p ^)) 


{F\kT^){Z) = 


E 

«('5) ( 

27r2tr(S' 

{ax — bp)p ^ ap 
-2 

) 27ritr(5[ 

Y 

ap 

)e 

SeA{N)+ 

x^{'LIp^'L) ^ 





6e(z/p3z)x 


The inner sum is calculated as 

y- ^^^■.^2ni{a(xa+2fip^)-bap)p-^ ^ ip^W{x,-ap-‘^) ifp^ | (xa + 2/3p2), 

^ I 0 otherwise. 

a&Z/p‘^Z t 

be(Z/p3Z)^ 
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Now, consider the map S i—>■ ^PSP, for P = 


P 

1 


, first interchanging the order of summation. 


Evidently, this map is a bijection between {5 G A{N)~^ : \ {xa + 2/3p‘^)} and {5 G A{Np‘^)~^ : p 

2/3and| (2/3p“^ — Continuing the calculation, we have 


=P^ a{S)W{x,-ap 2)e 


27r2tr(5[ 


p xp 


-2 


1 


a:S(Z/p4z)x 

S&A{N)+ 

p'^\{xa+2l3p^) 


j,-=-4 ^ 

Y 

a;S(Z/p4Z)x 

seA(Vp^)+ 



p\2f},p'^\{2l3p~^—xap~^) 


E 

Y 

p ^ 

S&A(Np‘^) + 



p\2(3 

xoip~'^=2l3p~^ (p^) 



■ —1 

p —xp 


]Z) 


— n-n“^)p27ritr(SZ) 


\)W{x,-ap )e 


_ —4'i 27ritr(5Z) 


]W{x,-ap )e 


Note that there is only one such x for each S. 

The case I = 5: From [JR3] Theorem 3.1 we have that 

{F\kT^){Z) = 

27Titr{S 


{ax — b)p ^ ap 

_9 

ap 


/ ® a{S) Y ( Y 

SeA{N}+ xGZIp^Z a,be(Z/p3Z)x 
Reasoning as in the previous cases, we conclude that 


) 27rjtr(S[ 

J )e 


p xp 


-1 


1 


]Z) 


(FkT^^XZ) = 


^k-3 


p'^ ^ Y 

S£A(Np‘^)+ x&jpZ 
p2|2/3 


■ —1 — 2 ' 
p —xp 

1 


)1T(1, 2/3p-2 - xap-^Wix, 


The case 1 = 6: From [JR3] Theorem 3.1, we have that 

{F\kT^){Z) = 

2nitr{S 


p- 


2k-6 


Y x{bx)e 

SeA(N)+ a,b&(Zlp'^Z)x 

xe{zipZ)'^ 


6(1 + xp)p ^ ap 

ap~‘^ a?b~^p~‘^ 


) 27ritr(5[ 

J )e 


Tp2 


]Z) 


The inner sum is calculated as 

a,bG{Zlp'^Z) X 
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E 


E 


X{box)e‘^^^ (a^(^>0 ^-bibg^p)'y+2aP+a{bo+bip){px+l)'jp 


ae{Zlp^Z)>^ bi&Z/pZ 
a;,feoe(Z/pZ)x 


ae(Z/p2z)x 
x,boe{ZlpZ) X 
a=a?b-'^'y(j)) 

x,aQ,bQ^{'LlpL)^ ax&^l'pL 
“=“0^0 ^7(p) 

^ ^^^^^^g27ri(a2fe-i7+2ao^+Q:bo(pa:+l))p-2^ 

x,ao,boe(Z/pZ) X 
2/3=-2ao6o ^7(p) 



If p I a then the sum on x forces the expression to vanish. So we assume that p\ a. Now our sum 
is 


E E Ig27ri(a2bu l7+2ao/3+a6o)p ^ 

ao,bo&(ZlpZ)^ xe(Z/pZ)x 
a=a§fe"^ 7 (p) 

2/3=-2ao6o S(p) 


=P^W^(x,a) 


E 


^27r*(a§b(, ^7+2/3ao+a6o)p 


ao,6oe(Z/pZ)x 

"=“ 0^0 ^')'(P) 
2/3=-2aobo S(p) 


=/W^(x,a) X] II"(l,(a^7 + 2/3a + Q;)p ^). 
ae(Z/pZ)x 

o=a^ 7 (p) 

2p=-2a'y(p) 


Indeed, we note that the expression o^ 7 + 2 / 3 a+a is well-defined modulo p^. Moreover, a calculation 
shows that if a satisfies the congruence conditions above, then 47 ( 0^7 -|- 2j3a + a) is congruent to 
4det(5) modulo p^. Hence our inner sum is 

p‘^W{x,a)W{l,4det{S)p-^) ifpfa, x(a) = 7 ( 7 ), p \ 4det(5), 

0 otherwise. 

Continuing as in previous cases, we find that 
(FU7j)(Z)=p2fc-" a(S[ 

5eA(Afp4)+ 

p'*||o,p®|4det(S) 

X{ap-*)=xil) 

The case 1 = 7: From [JR3] Theorem 3.1, we have that 

{F\kT^){Z) = 


])iy(x,ap-^)IT(l,4det(5)p-^)e2”*’’(^^). 
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SeA{N)+ ae(zip3z)x be(z/pZ)x 

nil 


27ritr(S' 


zp bp ^ 
bp~^ 


) 27ritr(S[ 

)e 


1 —ap 
P 


-1 


]^) 


The inner sum is calculated as 


\ ^ /y^^TTi^azp '^+2pbp _ jp ^^(X) P I 

« ^ I n rA-j-loQVTTT-i 


, „ otherwise. 

6 e(z/pZ)x t 

zez/p^z 

Now, consider the map S i—)• ^PSP, for P = ^ ““p 

tion. Evidently, this map is a bijection between A{Np‘^)~^ and {S G A{Np'^)^ ■ P \\ 2/3and 7 = 
—2/3p“^a(p^)}. Continuing the calculation, we have 


, first interchanging the order of summa- 


= E E x{a)a{S)W{x,2f5) 

S£A{Np^)+ as 


27ritr(S[ 


1 —ap ^ 
P 


]Z) 


= p 


k-3 


E E 


X(a)a(5[ 


= P 


nk-2 


a^CZfp^Ti) ^ 

S£A(Np-^) + 


p|| 2 ^, 2 / 3 p-ia=- 7 (p 2 ) 

E 

E 

S(^A{Np*)+ 

ae(Zlp'^Z)x 

p\m 

2 / 3 p-ia=- 7 (p 2 ) 


1 ap 

p 


- 2 ' 


-1 


])lT(x, 2(/3p-i + 


1 ap 
P 


- 2 ' 


-1 




Notice that there is exactly one a which satisfies the congruence condition. 
The case 1 = 8: From [JR3] we have that 

{F\kT^){Z)=p^^-^ Y, a{S) Y1 

SeA(7V)+ b£(Zlp3Z)x 


( E 


27riitr(5' 

06(1 — z)p ^ ap ^ 
—1 

) 27ritr(S[ 

p bp ^ 

z))e 

ap 

)e 

P 


]Z) 


a,ze{'Zlp^Z)x 

z^l{p) 

We calculate the inner sum 


^ X{az{l - ^))e2™(“Mi-^)+2/3p^)p-^ 

a,z(^{Zlp^Z)x 

z^l{p) 


E 


E 


X(ao-z(l — 2))e^"Zao+pai)(ab(l-2)+2/3p^)p ® 


aoS(Z/pZ)X aiSZ/p^Z 
ze{Zlp^Z)x 
z^l{p) 
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= 


^xi^i^ — z))W{x^b{^ — z)ap ^ + 2/3) lip^ \ a 

z(i{T.lp^TLY 


2^1(p) 


0 


Now, consider the map S i-A ^PSP, for P = 


otherwise. 

, first interchanging the order of summation. 


=P 


2fc-7 


x{bz{l - z))a{S)W{x,b{l - z)ap ^ + 2/3)e 

]) 


P 




p bp ^ 

P 

Evidently, this map is a bijection between A(Np^)~^ and {5 G A(Np^)~^ : p^ \ 2/3, p^ \ fs{b)}. 
Continuing the calculation, we have 

2„.riS[fr 

E 

seA(Ap2)+ b,^e(z/p3z)x 

=p- ■ Yj Y1 X{bz{l - z))a{S[ 

b,ze(zip3zY seA{NpY+ 

Z^l{p) p2|2/3,p2|/s(6) 


p ^ —bp 
p-^ 


W{x, -b{z + l)ap-'^ + 

=p2fc-4 Y x{z{l - z))a{S[ 

S£A{NpY+ be(Z/p2z)x 
p2|2/3 z^(’L/p%Y 

z^\{p) 

p"l/s(b) 

Wix, -zap-%‘^ + ^)e2"tr(sz)_ 

The case 1 = 9: From [JR3] we have that 
(FU7j)(Z) = 


p ^ —bp ^ 

p-i 


]) 


3fe-6 




27Titr{S 

1 

,P“ 

73 

1 

l_^ 

) 2'Ki\,r{S[ 

r 2 n 

p a 

“ E 

a{S) Y 

( E Ab)e 

xp 

)e 

P. 

S&A{N)+ 

a&{Zlp2ZY 

b,x&{ZlpZY 





P' 


The inner sum is calculated as 


]Z) 


Y ^(5)e2^*(«b+7xjp ^ =w(x,a)W(l,x). 


^2'n-i(ab-l-'yx)p ^ _ 

b,xG{ZlpZY 

Now, consider the map S i—)• ^PSP, for P = p , hist interchanging the order of summa¬ 
tion. Evidently, this map is a bijection between A{N)~^ and {S G A{Np‘^)~^ : p^ \ 2/3, 2ap~^a = 
2/3p“^(p), p'^ I fs{a)}. Continuing the calculation, we have 


E E a{S)W{x,a)W{l,x) 

SgA{N)+ a^{Z/p‘^Z)x 


2'Kitr{S[ 


^p^ a 
P. 


]Z) 


=P' 


3k-e 


E E 

ae(Zlp^Z)x SeA{NpY+ 
P^|2/3,p^|/s(a) 
2ap~'^a=2l3p~^ (p) 


■ —9 — 

p —ap 

p-i 


])TE(X, ap-^)Wil, 
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SeA(Vp 4 )+ a&iZIpZ)'^ 
p^||a,p^||2/3 2ap~'^a=2fiip~^(p) 
p® 14 del (5) 




])H^(x,ap-")x(-4det(5)p-6)e2-*'-(^^) 


Notice that at most one value of a satisfies the condition in the hnal expression. 
The case I = 10: From [JR3] we have that 

SeA{N}+ ae(zip'^z)x be(z/pZ) 

The inner sum is calculated as 

J2'Kiabp~^ _ 

be(z/pz)x 

Now, consider the map S i—)• ^PSP, for P = 


2'KitT{S 

bp ^ 

) 27ritr(S[ 

73 

to 

0 » 

^ E «(^) E ( E X(6)e 


)e 

L P \ 


]Z) 




a 


first interchanging the order of summation. 

Evidently, this map is a bijection between A{N)~^ and {S' G A{Np^)~^ : \ \ a, p'^ \ 2/3, 2ap~‘^a = 

2/3p“^(p^), p^ I / 5 (a)}. Continuing the calculation, we have 


& Y ^ a(5)lF(x,a)e 

S&A{N)+ a(i{%lp^ZY 


27r2tr(5[ 


• 9 

p a 

p^ 


]Z) 


E E 

ae(Z/p2Z)x S&A{NpA+ 

p'‘||«,p2|2^,p4|/s(a) 

2ap~'^ a=2l3p~^ (p^) 


■ —2 —4' 

p —ap 

p-2 


])lF(x,ap-")e2"*dsz) 


= p 


4fc—6 


E E 

5eA(Vp-‘)+ a&{Zlp^ZY 

p^||a,p^|2/3 2Q:p“'^a=2/3p“^(p^) 
p®|4det(5) 


■ —2 —4' 

p —ap 

p-2 




There is at most one such value of a. 
The case / = 11: From [JR3] we have 




S£A{N)+ b£{Zlp^Z)x 


E 


27ritr(S 


0-4 


zp 

{ap + xb)p 


-3 


{ap + xb)p 


-3- 


xp 


-2 


* 

1 hp 

) 27ritr(5[ 

^-1 


p 


]Z) 


aG(Zlp^Z)x 

x&Ljp^Z 

zdZjp'^Z 
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The inner sum is calculated as 


x&iIp^Tj 

z&Ljp^T. 


p®lT(x, 2/3p ifp^ I a, I ( 7 p + 2/36) 

0 otherwise. 



Now, consider the map S i—>■ ^PSP, for P = 


1 bp 


, first interchanging the order of summation. 


Evidently, this map is a bijection between {5 G A{Np'^) : || 2/3, p^ | (yp + 2/36)} and {5 G 

A{Np^)'^ : p I 2/3}. Continuing the calculation, we have 


E E x{h)a{S)W{x,2l5p-^ 

be(Z/p4z)x 5eA(Ap4)+ 
p||2/3 

P^I(7P+2/3b) 

=N‘'' E E 

h^{T.lp‘^lLY S£A{NpA+ 
pt2/3 

“p'"* E E 

5eA(Ap4)+ beizjpz)'^ 
pt2/3 


27ritr(S[ 


1 bp 


- 2 - 




-1 


]^) 


p 




])lT(x,2/3)e2-**’'(^^) 
])fT(x,2,5)e2"*''(^^). 


The case I = 12: From [JR3] we have 

{F\kT^^){Z)=p-^^ ^ a{S) Y1 

SeA{N)+ ae( 


( E x{bzil-z))e 


27r2tr(5 


’«(y - ^(1 - z)p)p ^ 

yp ^ 

) 27rjtr(5[ 

)e 

p ap 

pp“3 

a~^{y + bp)p~‘^ 

p-i 


]Z) 


yezip^z 

),z&{ZIp^Z) 

z^l(p) 


The inner sum is given by 


yez/p'^z 

b,ze{zip^z)'^ 

z^l(p) 


The sum on the y variable implies that this vanishes unless p^ | aa^ + 2/3ap + 7 p^. We assume this. 
Continuing, the sum is now 


p 


4 


E 


E 


x(6o.z(l — ip2_,_Q,('2_i)a)p 3^ 


6oe(Z/pZ)x bi&Z/p^Z 

2e(z/p3z)x 

z^l(p) 
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The sum on bi implies that the expression vanishes unless \ a. Hence the inner sum is given by 

'Y2 x(2;(l — “ 1)«) ifp^ I (aa^ + 2/3ap + 7 p^), I a, 

z&{ZIp^Z)^ 

z^l{p) 

_0 otherwise. 


Reasoning as in the previous cases we conclude that 


{F\kT^^){Z) = 

p-^ Y X{az{l - z))a{S[ 


SeA{Np^)+ a,ze( 

p|2/3 2^1(p) 


■ —1 — 2 ' 
p —ap 

P 


-4 _ o/3„-lw27ritr(SZ) 


])W{x,azap — 2f3p ^)e 


The case I = 13: From [JR3] we have 


iFkT^^){Z) = 

Y «('S’)( Y X{bx)e 

S(iA{N)+ aaiT.jp'^'LY 

beiZIp^Z)^ 
xeizipZ)'^ 


27ritr(5 


6(1 + x)p ^ ap ^ 


ap 


-2 „2/,-l„-3 


a^b V 


) 27r2tr(5[ 




p 


p 


-1 


]z) 


The inner sum is given by 

Y^ ^ ) g27ri (7a2 b-1 +a6(a:+1 )p2+2/3ap) p- 

be(Z/p3z)x 
a:e(Z^Z)x 

=lT(x,a) 

a&(Zlp'^Z)^ 

h(i(J.lp^TLY 

=lT(x,a) 

a^{Zlp^ZY 
6oe(z/pZ)x 
6l £Z/p^Z 

=lF(x,a) Y e2"(^“'+2/3ap+ap2)bop-=* ^ g 


g27ri(7a^p ^+2/3ap ^+ob)p ^ 


^27ri(7a^+2/3ap+Q:p^)(feo+pt'l)p ® 


27ri(7a^+2/3ap+Q:p^)boP ^ ^ ^ ^2iTi{'ya^+2(3ap)bip ^ 

bi&ZIp'^Z 


a&iZjp'^ZY 
bo&iZjpZY 

--W{x,a) E ^■Ki{')Y+2j3ap+a.p'^)hQp ^ ^ g27ri(7a2+2/3ap)(b2+pfe3)p ^ 

a&(Zlp^ZY b2,b3&Z/pZ 

bo&{zipZY 

--Wix.oi) E g27ri(7a^+2/3ap+Q:p^)boP ^ ^ ^■Ki{')Y+2l3ap)b2P ^ V ^2iTi{-ya?)bo,p i 


a&(Zlp'^ZY 

bo&{ZlpZY 


b2SZ/pZ 


E 

fcaSZ/pZ 
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This is zero unless p \ 7 . Assume this. Continuing the calculation we have 

^2ni(-ya‘^+2l3ap+ap‘^)bop~^ 'y g27ri(7p“la+2/3)fe2P“^ 
f) 2 SZ/pZ 


=pW{x,a) ^ e- 

ae(Z/p2z)x 


bo&{ZlpZ)>^ 

=p‘^W{x,a) 


^27ri (7 (ao +pai) ^ +2/3(ao +pai )p+ap‘^) bop 


ao,feoe(Z/pZ)’^ 

ax^lj/pL 

7p-lao=-2/3(p) 


=P^W{x,a) Y 


„27ri(7a§+2/3aop+ap^)feoP 


ao,bo&(ZlpZ)^ 

7p-lao=-2/3(p) 


E ^ 

ax^'L/pW, 


2'Ki{'^p ^2ao+2/5)ai6oP 


Evidently, this is zero unless p^ \ 7 . Assume this. Then it follows that the sum is zero unless p \ 2/3. 
We further assume this so that our sum is 


=P^W{x-, a) Y^ e27rj(7p 2ag+2/3p ^ao+a)bop ^ 
ao,boe(Z/pZ)^ 

=p^W{x,a) Y W{l,xp~'^al + 2/3p~^ao +a). 

ao&{ZlpZ)x 

To calculate this, we notice first that the sum is zero if p | a, so assume that p\ a. We assume first 
that p^ I 7 . In this case. 


Y, ^ao + 2/3p ^ao +a) =-W{l,a) + Yj W{l,2j3p ^ao + a) 

aoe(Z/pZ)x aoSZ/pZ 

= 1 + Y^ IT( 1 , 2/3p“^ao + a) 

if p2|2/3, 

\l — p if p^ \ 2/3. 


Now, we assume that 11 7 . In this case, the Gauss sum IT(1,7p“^aQ+2/3p“^ao+a) is p—1 if ao is a 
root of the polynomial x^ 7 p“^+ 2 x/ 3 p“^+a modulo p and -1 otherwise. Thus, we need only count the 
solutions for a given S modulo p. The discriminant of the polynomial is —4det(S')p“^. Hence, there 
are no solutions when —4det(S')p“^ is not a square mod p, one solution when p \ (—4det(S')p“^), 
and two solutions when —4det(S')p“^ is a square mod p and p\ —4det(5)p“^. Thus, 


Y, ^«o + 2/3p ^ao + a) = - IT(1, a) + Y, + «) 

ao&{Z/pZ)x aoSZ/pZ 

=1 + px(—4det(5)p“^). 


To summarize, we find the the inner sum is given by the formula 

P^W{x,a){pxi-4.det{S)pY - IT(l, 7 p"^)). 


Now, consider the map S 1 —)• ^PSP, for P = 


, first interchanging the order of summation. 


Evidently, this map is a bijection between {5 G A{N) : p \ 2/3, p^ \ 7 } and {S G A{Np^) : p^ \ 2/3}. 
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Continuing the calculation, we have 


^ a(5')Vh(x,a)(px(-4det(5)p 2) - 14^(1,7P ^))e 


27r^tr(5'[ 


rp 2 


P 


-1 


]Z) 


5eA(Af)+ 

P^|7.p|2^ 


=p‘-=> a(S[ 


SeA{Np^) + 
p2|2/3 


P 


-2 


P 


])W{x,ap ^)(px(-4det(5')p ^) - hh(l, 


The case I = 14: From [JR3] we have that 


{F\kT^^){Z) 


27r2tr(S 

bp ^ 
—2 

1 1 
to 

) 27ritr(5[ 

■p 2 

-2 

P~^ Y T x{b)e 

ap 

xp 

e 

p 


S&A{N)+ a£{Zlp^Z)^ 

bei'ZIpZ)'^ 


The inner sum is calculated as 


E 

aeCEIp'^'EY 

6 e(Z/pZ)x 

xdTLIp'^'L 


X(6)e^^43;7P *+abp i+2/3ap 


p^W{x,a)W{l,2Pp-^) p^\j,p\2(3, 
0 otherwise. 


Reasoning as in the previous cases we conclude that 

p-2 


S&A{Np*) + 
p|2/3 


{F\kT^^){Z) =p-^ Y ^2 ])lF(x,«P"')W^(l,2/3p-')e2-td5Z), 


We now turn to the five assertions of the theorem. For each S G we have that 

VF(x)ax('^) ~ where ai{S) are given above. 

Proof of (i): Assume that S G A(A^p^)+ is such that p \ 2/3. Then, ai{S) = 0 for all I ^ 11. 
Hence, 

1 —hp~F 


:{S)=p^-\{2P) Y x{h)a{S[ 

b&illpl)^ 


P 


]), 


which proves statement (i). 


Proof of (ii): Assume that S G A(A^p^)^ is such that p || 2/3 and || a. Then, ai{S) = 0 for 
f / 1,4, 7,12,14. Hence, 


ciS)=P ^ Y x(«K-7 + 2/3p ^a))a(5'[ 

a,bf^{ZlpZ)^ 


1 -(o + 6)p 


- 1 ' 


+ / ‘^x{-ap Y 

x&{ZIp^Z)>^ 
xap~‘^=2fip~^ (p^) 


P 


-1 


-xp 

1 


1 

-3' 


]) 


]) 
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1 ap 


- 2 ' 


P 


-1 


]) 


2/3p-la=-7(p2) 

+ ^ — 2/3p“^))a(5[ ^ 

]), 


a^z^il^IpL) ^ 
2 ^ 1 (P) 


'' ^ —ap ^ 

P 


]) 


+ P ^xi^P *)W{l,2l3p ^)o(5[ 
which proves statement (ii). 


P 


-2 


P 


Proof of (iii): Assume that S G A{Np^)^ is such that p || 2/3. Then, ai{S) = 0 for / / 1,7,12. 
Hence, 


:iS)=P^ x{ab)x {-7 + ‘2(3p ^a)a{S[ 

a,b(^{ZlpZY 


1 -{a + b)p 


-r 


1 


]) 


+ / ^x(-7) X] 


ae{zip'^zY 

2/3p-ia=-7(p2) 


1 ap 


- 2 ' 




-1 


]) 


+ P ^ X] X(a^(l - ^;))x(-2/3p ^)a(S’[ 


a,ze{ 
z^l{p) 


■ —1 — 2 ' 
p —ap 

P 


]) 


=P ^ Y x(ab (-7 + 2/3p ^a))o(5[ 

a,be(Z/pZ)x 


1 -{a + b)p 


-r 


■p ^x{‘^l3p Y Aia)a{S[ 


as 


■ — 1 — 2 ' 

p —ap 

p 


1 


]) 


]) 


1 pp 


- 2 ' 


p 


-1 


]), 


+ / ^x(-7)a(‘S'[ 

where y G {Ljp^'L)^ is such that 2l3p~^y = —7(p^), and we note that 

^ x(^(i-^)) =-x(-i), 

ze{z/pZY 

z^l(p) 

by Lemma 4.1. This completes the proof of the third assertion. 


Proof of (iv): Assume that S G A(A'p^)''' is such that p^ | 2/3 and p^ || a. Then ai{S) = 0 for 
/ = 4, 7,11. We define W{x)b^iS) = ai{S)+a2{S)+a3{S)+a5{S)+asiS)+ai2iS)+ai3{S)+ai4{S), 
W{x)c^xiS) = 06(5'), and W{x)d^{S) = ag{S) + aio(«S'). Substituting the expressions for a; from 
above and applying the condition that p^ | 2/3, we have the desired expression for by^{S), c^{S), and 

dxiS). 
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Proof of (v): Assume that S G A{Np^)~^ is such that \ 2/3. Then a;(5') = 0 for all I ^ 1,2, 3, 8 . 
Hence, 


ciS) =p xiab)a{S[ 

a,b&{Z/pZ)^ 


1 -{a + b)p 


-1 


1 


]) 


^ - x)i-'yx ^ + 2(3bp ^))a(S’[ 


b,xe(z/pZ)> 

x^\{p) 


p ^ —bp 


- 2 ' 


]) 


+ P^ ^x( 7 )(l-P + PX(-4det(S')p '‘))a(S’[ 


-4\ 


P 


-1 


+ p2fc-4^(^) 


E 


xiz{l - 2;))a(5[ 


ii) 

p~^ —bp 

p-i 


-3' 


fee(z/p2z)x 
^e(z/pz)x 

p^\{ap~^b^—2^p~‘^b+'y) 

By Lemma 4.1, we have the result. This completes the proof of the theorem. 


])• 


□ 


Proof of Corollary 3.2. Let F be in S'fc(rP®'''®'(l)) = S'fc(Sp(4, Z)) and assume further that F is in 
the Maass space. Then by [EZ] Theorem 2.2 and by formula (19) of [Ma], there exists a Jacobi 
form 

(t>{'r,z)= Y ^ Jk,i, 

D,2/3eZ,D<0 

D=(2pp(A) 

with q = and such that the Fourier coefficients of F are given by 


a(S)= Y. 

c*I(«, 2/3,7) d|(a,2/3,7) 


( 10 ) 


for S G A(l)+ and D{S) = —4det(5). We show that a.^{S) = 0 for every S G A(p‘^)+ by considering 
cases (i)-(v) of Theorem 3.1. Let S G A{p^)~^, as in (2). To simplify the calculations, we note the 
following fact. Let q ^ p he a prime, P be a matrix of the form 


p^ ap^ 


with a,j,k,l G Z, and 


let S[P] = 


a' 3 

F 3 


then q^ \ (a, 2 / 3 , 7 ) if s-i^d only if q^ \ (a', 2/3', 7 '), for t a non-negative integer. 
Hence if / : Z —)• C is a function then 

E /(^)= E E f(p'd)- 


d|(a',2/3',7') 


fcGZ>o f/|(Q:,2/3,7) 
p'=|(a',2/3',7') P\d. 


Case (i): We assume that p\ 2(3. Then by Theorem 3.1, we have 

1 —bp~^'^ 


ciS) =y ''x(2/3) Y x{b)aiS[ 

b&{Z/pZP 


P 


]) 


=y ^xi‘^/3) Y X{b)a{ 


a pP — bap ^ 

pI 3 — bap~^ p^7 — 26/3 -t- b‘^ap~‘^ 


=y-"x(2/3) x( 6 ) 

d\{a,20,'y) 


P^D{S). 
d? ' 
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=0. 


Case (ii): We assume that || a and p || 2/3. Let xap = 2/3p ^{p^) and y2/3p ^ = ~ 7 (p^)- 
Then by Theorem 3.1, we have 


'XS)=p ^ ^ x(a6(2/3p ^a-7))a(S’[ 

a,b&{Zlp1Y 


1 -{a + b)p 


-1 


1 


]) 


+ V ^ x{az{l - z){azap * - 2l3p ^))a(S'[ 


a^z^{'Llp'L) ^ 
z^l(p) 

-p“^x(ap“'^)a(5[ 


-1 


P 


-2 


1 yp 


- 2 ' 


])+/ ^x(-ap '‘)a(5'[ 


P 


.,-1 


-ap 

P 


- 2 ' 


-xp 

1 


-3' 


p 


-1 


]) 


=P ^ Y1 x[ah{2j3p ^o- 7 ))o( 

a,6e(Z/pZ)x 


13 — ap ^{a + b) 

{3 — ap~^{a + b) 7 — 2f3p~^{a + 6 ) + ap~‘^{a + 6 )^ 


a 


a,zG( 

z^l(p) 


+ P ^ x(az(l - 2 ;)(azap ^-2f3p ^))a{ ^ -3 2 no . -4 2 

zO A,v V ^ h't' \ fj — ao^p -i p ^7 — 2/3p a + ap a 


ap ^ f3 

P p^7 


) 


- P~^x{ap~^)a{ 

+ /"^x(-ap"'^)a( 

+ /“^x(-7)a( 


.,-2 


a-4 


ap Pp — xap 

Pp~^ — xap~^ 7 — {2f3p~^ — xap“^)xp“^ 

a /3p~^ + yap~‘^ 

Pp~^ + yap~^ (7 + 2/3p“^p)p“^ + y‘^ap~^ 


To further evaluate this Fourier coefficient, we will use formula (10) and the remarks from the 
beginning of the proof. We consider the first summand and notice that the p | (a', 2/3', 7 ') if and 
only if 7 = 2j3p~^{a + b) mod p. Therefore the first snmmand is 


p 


■^( Y1 x{ab{2Pp ^a-7 


a,bE(Z/pZ) ^ 
7=2/3p“^ (a+6) mod p 


<i|(«,2/3,7) 
pfd 

D{S)^ 


+ p x(a^(2/3p ^a- 7 )))- ^ 


a,b&{ZlpZy 
7^2/3p“^(a+b) mod p 


pfd 


=p M x{ab{2Pp ^a- 7 ))J- ^ (pd)^ 


a,b&(ZlpZ)^ 
7=2/3p“^ (a+fe) mod p 


rf|(«,2/3,7) 

p\d 


, D{S) . 
{pdY' 


=P 7 Y x(-2/3p ^o))j • ^ (pd)*^ 


a&iZjpZY 

7^2/3p“^a mod p 


'i|(a,2/3,7) 

pfd 


.11(5), 

{pdY' 
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= -P V(-7) (Pd)^ 

d|(a,2/3,7) > 

p^d 


We consider the second summand and notice that p \ (a', 2/3', 7 ') if and only if 2/3p ^ = ap ^a{p), 
and moreover p^ | (a', 2/3', 7 '). Therefore the second summand is 

P~^ ( Y1 xiaz{l - z)(azap-^ - 2/3p"^))) • ^ 


a^z<^{'Llp7j) ^ 
Z^lip) 
2Pp~^=ap~'^a(p) 


'^I(«,2/3,7) 
p\d 


+ P X] x{az{l - z){azap ^ - 2/3p ^ 


a^zGC^IpZ)^ 
z^l(p) 
20p~^^ap~^a(p) 


=P 


-1 


( x{az{l - z){azap ^-2l3p ^ 


■ Y, 

d\{a,2P,'y) 

p\d 


a^z^i^jp'E) ^ 
2 ^1(P) 
2Pp~^=ap~‘^a{p) 


rf|(o,2/3,7) 

ptd 




+ p ^ 7(az(l — 2;)(azap ^ — 2/3p ^ 


a^z^{'Llp'L) ^ 
z^l{p) 


c^I(«.2/3,7) 

pfrf 


= -P V(-ap X] 

d|(a,2/3,7) > 

p\d 

+ P~^x{otp~'^) ^ 


c*l(a>2/3,7) 

pfd 


Here we have used Lemma 4.1 to calculate the character sum. The third summand is easily 
computed. Since p \ ap~^^ it is given by 


-P 


~^x(ap d’^ 


<i|(«,2/3,7) 

p^d 


For the fourth summand, we note that the conditions defining x imply that p f 2{(3p ^ — xap 
Hence, the fourth summand is 

<^l(a>2/3,7) 

p\d 


For the final summand, we also have p f 2(/3p ^ + yap so that the summand is 

p‘-7(-7) e 


<i|(«,2/3,7) 

pfd 
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Evidently, the calculated summands cancel so that a^{S) = 0. 

Case (iii): We assume that p\ \ 2/3 andp® | a and let y e (Z/p^Z)^ be such that 2l3p~^y = —7(p^). 
Then by Theorem 3.1 


ciS) =P ^ x{ah{2^p ^a-7))o(5'[ 

a,h&('Llp'L)^ 


1 -{a + h)p 


-V 


1 


]) 


+ / ^x{-x)a{S[ 


1 yp 


-2 


p 


-1 


0-1 


-ap 

P 


- 2 ' 


]) 


=P ^ x{ab{2pp ^a- 7 ))a( 

a,h&('E/p'L)'^ 

a 


])-P ^X{‘^l3p xia)a{S[ 

a(^{Z/pZ)^ 

a /3 — (a + b)ap~^ 

/3 — {a + b)ap~^ 7 — 2(3{a + b)p~^ + (a + b)^ap~‘^ 


) 


+ / ^x{-l)a{ 


(3p ^ + yap ^ 

(3p~^ + yap~‘^ (7 + y2Pp~^)p~‘^ + y‘^ap~^ 

ap~‘^ /3 — aap~^ 

/3 — aap~^ p ^7 — 2aj3p~^ + a?ap~^ 


-p ^x{Wp X] x{a)a{ 

a^/Z/pZY 

The first summand is calculated as in the previous case to be 


-P ^x(- 7 ) {P^f 

d|(a, 2 / 3 , 7 ) ’ 

pfd 

The second summand is also calculated as in the previous case to be 

0-2 ] 

„_9 / \ ,h-^ ^ // 

P 


A7(-7) Z 


<1|(o,2/3,7) 

p\d 


The third summand is zero since p \ p'^'j — 2 a/ 3 p ^ + a^ap and so the summation on a causes 
the term to vanish. Hence we see that a^{S) = 0 . 

Case (iv): In this case, we let fsix) = ap~‘^x‘^ — 2 ( 3 p~‘^x + 7. By assumption, p^ \ 2(3 and 
II a. As in the proof of case (iv) of Theorem 3 . 1 , a^( 5 ) = b^{S) + c^{S) + c^{S). Moreover, 
^ix)bx{S) = ai( 5 ') + 02(5) + 03(5) + 05(5) + 08(5) + 012( 5 ) + 013(5) + 014(5). For convenience 
we will write o(( 5 ) for IT(x)“^Oi( 5 ). We have 


o'i(5) =(l-p-i)x( 7 )o( 


a (3 

(3 7 


a (3 — bap ^ 

(3 — bap~^ 7 — 2(3bp~^ + b‘^ap~‘^ 


■p ^xii) X] 

h^/Z/pZY 

a2{S)=p’"~^ x{y{'^-x){ap-^{l-y)-^{y-x)b‘^+ 2l3bp-‘^-jx-^)) 

&,ai,i/£(Z/pZ) ^ 


ap 


-2 


j3p ^ — bap 


-3 


/3p ^ — bap ^ 7 — 2(3p % + ap "^ 6 ^ 

03 ( 5 ) =p''“^(x(7) +PX(-4det(5)p“'^7) - x(-ap“'‘)IT(l, 2/3p“2)) 


ap ^ (3p 
/3p 


-1' 


-1 


7 


), 
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n-2 


a -3 


ap " Pp ^ —xap 

Pp~^ — xap~^ 7 — 2Pp~‘^x + ap~'^x‘^ 


a'^{S)=p^ ^x{-ap - xap ^)a{ 

xGXIp'Ia 

a;(S)=p“-* ^ Xp(l-^)(7-2ap-‘6"))a([ 27 4 -2^ %~JZap-V) 

be{zip^z)^ i' \ I t't' i' J. 

ze(z/pZ)x 

z^l(p) 

fs{b)=0{p^) 


ai2iS)=-p X] 


ae 


ap 


-2 


P — aap 


-3 


P — aap ^ — 2/3p + ap 

a'i3(5’) =/"^x(ap"^)(PX(-4det(5)p"^) - T4^(l,7))o( 


ap ^ Pp ^ 
Pp~^ P^7 


a'i4(5') =(1-P ^)x(ap '^)a{ 


ap ^ P 

P IP^ 


We consider each summand of b^{S) separately. First, a^^S) vanishes. This is clear if p | 7 . Assume 
that p t 7 . Then p f 7 — 2/36p“^ + b^ap~^. Hence, applying the formula (10), we see that the two 
terms sum to zero. 

For 02 ( 6 '), we assume first that p | 7 . Then, p | (o', 2/1', 7 ') if and only if 2/3p“^ = ap~‘^b{p). 
Notice that this also implies that in this case p^ || 2/3. Moreover, p^ \ (o', 2/3', 7 '). Hence, 


a'2(5) =p^ X] x((l^ + a(l-p) ^(p-x)6^p ‘^))) 

6,3i,^G(Z/pZ)^ 

■ E 

'i|(a,2P,7) 

pfd 

+ /"^( X] x((l-a;)p(2/36p"2+ a(l-p)"^(y-x)62p"'^))) 

b,a;,yG(Z/pZ) ^ 

2/3p“^=ap“‘^6(p) 

.( E <<'=-'c,(C^)+ E 

<i|(o,2/3,7) d|(o,2/3,7) 

pfd p\d 

=/“^( X] x((l-a;)y(2/36p“2+ a(l-y)“^(p-x)62p"^))) 

6 , 3 :,yG(Z/pZ)^ 

a:,2y^l(p) 

■ E ‘'‘-‘ 04 '^) 

'i|(a,2P,7) 

p\d 

+ /"^( X] x((l-a;)p(2/36p"2+ a(l-p)"^(y-x)52p"'^))) 

b,a;,yG(Z/pZ) ^ 

2/9p“^=ap“‘^6(p) 
















28 


JOHNSON-LEUNG AND ROBERTS 




<i|(«,2/3,7) 

pfrf 


=/ ^W{l,2l3p ^ x{{'^ - x)y{a{l - y) ^{y-x)p ^ 

a^,^G(Z/pZ)^ 

. E 

d|(a,2/3,7) 

pfrf 

2 )x(-ap“'‘) ^ 




&G(Z/pZ)x rf|(a,2/3,7) 
2/3p“^=Q;p“'^fo(p) 


(pd )2 


=/ ^iy(l,2/?p ^)x(ap ^)( ^ x((l-a;)y(a; + 2/)(l - (a; + y)))) 

a^,yG(Z/pZ)x 


<i|(«,2/3,7) 

pfrf 


d? 


-p^ ^{p-2)x{-ap ^)( J]; Y1 ' 


&G(Z/pZ)x d|(a,2^,7) 

2pp~^=ap~'^b(p) p\<^ 


=p ‘^W{l,2l3p ^)(^x(ap ^) + xi-ap ^ (pd)^ 


<i|(«,2^,7) 
pfd 


-P ^(p- 2 )x(-ap ^)( X] 


be{ZlpZ)^ (i|(o,2/3,7) 

2/3p“^=op“^b(p) pfc^ 


9(i)2' 

{p^dy 


Considering still a^'S'), we suppose that p f 7 . Then, p \ {a',2j3',x') if o^iy if 7 — 2f3p~‘^b + 
ap~%‘^ = 0(p). Further, p^ \ {a',2j3',x') if only if 2j3p~^ = 2bap~‘^{p^) and 7 — 2/3p“^6 + 
ap~%‘^ = O(p^); together, these imply that 7 = ap~%‘^(jP‘) and that p® | det(5). We now consider 
cases depending upon the divisibility of det(5). First assume that p® \ det(5). Then we see that 
p^ \ (a', 27 , 7 O for 8*11 b G (ZjpZy. Hence, 


02(5') =P^ X] x(p(l-a^)(oP + 2 /? 6 p ^ - yx 7 )) 

b^x^y^CljfpT,) X 
fs(b)=o(p) 


( E 


<^I(«.2/3,7) 

pfrf 


p-^D{S) 

1 ? 


)+ {pdf-^cy 


<i|(a,2/3,7) 

pfrf 


p-^D{S) 

{pdy 


)) 
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+ / X] x{y{'^-x){ap ^{l-y) ^{y - x)b^+ 2php --fx ^ 


b^x^y^{'Llp'L) ^ 
a:,y^l(p) 
fsib)^0{p) 

d|(Q,2/3,7) 

p\d 


=p 


fc—3 


( X] xiyi'i-- x)iap ^{l-y) ^{y - x)b^ + 2/3bp ^ - 7X ^ 


b,x,y£{'lAlp7,) ^ 
fs(b)=0(p) 




<i|(o,2/3,7) 




+ / X] x(2/(l - a;)(ap "‘(l-y) + 2/3&P ^ - 7 X ^ 


b^x^y^iJLlp'L') ^ 
a:,y^l(p) 




d|(«,2/3,7) 

ptd 


d 2 


=p 


fc -3 


( x{y{ap ^{\-y) -IX ^))^- ^ (pd)^ {pdY ^ ^ 


b^x^y^iTjlpX) ^ 
fs(b)=o(p) 


d\{a,2l3,'f) 
p\d 


J^pk 3^ ^ x(y(l-x)(ap ^(l-y) ^{y - x)b‘^ + 2/3bp ^ - 7 X ^ 


b^x^y^iJLIp'L') ^ 
a:,y^l(p) 

d|(«,2/3,7) 

pfd 


Still considering 02 ( 5 ), now with the assumptions that pf 7 and p® | det(5), we have 


4 ( 5 ) =p^ X] x( 2 /(l - a;)(ap "^(l-y) nd-44 + 2/36p ^ - 7 X ^ 


fe,a;,3/g(Z/pZ)^ 
2l3p~'^=2ap~‘^b{p) 


.( E <i‘-c45^)+ E ^•^>'‘-'04'^) 


d\{a,‘2y,l) 

p\d 


d\{a,2y,^) 

p\d 




d|(«, 2 / 3 , 7 ) 
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+ / X] x{y{^-x){ap ^(1-2/) ^{y - x)h^ + 2(5bp ^ - 7 X 

b,3;,yG(Z/pZ) ^ 

a:, 2 /^l(p) 

2j3p~‘^^2a.p~'^b(p) 

fs{b)=0{p) 




'^I(«.2/3,7) 

pfd 


p-^D{S) 

IP 


) + ipd) 

d\{a,2l3,'y) 

p\d 


.-2, 




+ / X] x(y(l-a^)(ap ^(1-2/) ^( 2 / 

6 ,a^,yG(Z/pZ) ^ 

2j3p~^^2a.p~'^b(p) 

fs{b)^0{p) 


<i|(a,2/3,7) 

pfrf 


(i 2 


x)62 + 2/36p — 7x 


-1 


Y x{y{'^-x)iap ‘^(l-y) ^{y -x)b‘^ + 2/3bp - jx ^))) 

b,x,y£{ZlpZ)'^ 

2yp~'^=2ap~^b{p) 

<i|(a,2/3,7) 

(pfd 





p-^D{S). 
{p^dP ' 


+ / X] x(2/(l - a;)(ap "^(1-2/) ^(2/ 

fe,a::,yG(Z/pZ)^ 

fs(b)=0{p) 


E 

<i|(a,2/3,7) 

pfrf 




p-2D(5) 

{pdp 


x)h^ + 2/36p ^ — 7 x 


„-i 


+ / ^( X] x( 2 /(l - a:)(ap "^( 1 - 2 /) ^{y - x)P + 2j3bp ^ - 7 X ^ 


b,x^y^['Llp'LY 

<i|(a,2/3,7) 

pfrf 


We now consider a'^{S). We see that p | (a', 2/3', 7 ') if and only if p | 7 . Further p^ | (a', 2/3', 7 ') 
if and only if p^ | 2/3 and p^ | 7 ; in this case, we also have that p® | 4det(5). Note that p^ f a'. 
Hence, if p f 7 , 


4(5')=/ /x(7)+PX(-D(5')p 4)-x(-ap '^)W(l,2/3p 2)) ^ 4 

<^I(o:2/3,7) 

pfrf 
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If p I 7 but f 7 or I 2/3, 


rf|(Q:,2/3,7) rf|(Q;,2/3,7) 

pfd pfd 

If p^ I 7 and p^ | 2(3, then 

4(^) = -/“^x(-ap“^)(p-i)( X] 


c*I(«,2/3,7) 

pfd 

.-2, 


^ rf|(a,2/3,7) ^ 

pfd 


<i|(Q,2^,7) 


We consider a'^{S). We have that p | (o', 2(3' if and only if p | (7 — 2(3p~‘^x + ap~'^x^). Further, 
p^ I {a',2(3','y') if and only if 2(3p~‘^ = 2xap~‘^{p) and p® | D{S). Finally, p^ f a'. Hence, in the 
case that p® f D{S), we have 

4(5') =p''"^x(-ap“'^)( X] W{l,2(3p~^ - xap-'^)'^ ^ 


xGZjpX 
fs(x)=0{p) 

+ 4“^x(-ap"^)( X] W^(l>2/3p 

xGZ/pZ 
fs(x)^0(p) 


p\d 


-2 - 4 ' 

- xap 


E 


,p-‘D{S) 


<i|(«,2/3,7) 

ptd 


d 2 


=4 ^xi-ap J]] IF(l,2/3p “^-xap ^ (pd)'' [pdY^ 


aiEZ/pZ 

fs{x)=0(p) 


d\{a,2p,'y) 
p\d 


+ 4 ^x(-ap ^)( X] ^(l>2/3p ^-xap ^ 4 


a?GZ/pZ 


<i|(a,2^,7) 
pfrf 


=4 ^x(-ap '^)( W{l,2(3p ^-xap Y (P'^f (pd)^^ 


x'^’LjpL 

fs{x)=0{p) 


p\d 


In the case that p® | D{S), we have 


4(5) =4 ^x{-ap '‘)(^ Y W{l,2(3p ‘^-xap Y (4 ^< 5 ,/,(4444^ 


xGZ/pZ 
2j3p~^=2xcnp~^ 


<^I(o: 2/3,7) 
pt<I 


+ + (p2d)^-lC7^ 


(pd) 


{p'^dy 
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x&jj'pL d\{a,2fi,^) 

2l3p~‘^^2xap~* p\d 

=P*'"^x(-ap"^) ( Y W{l,xap-'^)^ Y {ipd)^~^C^{ ^ 

x^%lpTL d|(a,2/3,7) ' 

2^p~'^=2xap~^ p\d 

+ p‘““x(-ap“‘‘) ( ^ W'(l,2^p“^ - lap^*)) iZi^) 

x&,lpL d|(ct,2/3,7) 

p\d 

=/"^x(-ap"^)( Y W{l,xap-'^)^ Y iipd)’"~^C^{ ^ ^ 

x^'Lj'pL d|(a;,2/3,7) 

2l3p~'^=2xap~^ p\d 

We now consider a'g{S). We first notice that the term vanishes unless there are b G (Z/p^Z)^, such 
that fs{b) vanishes modulo p^. By Lemma 5.3, we see that such b exist if and only if 1) p^ || D{S) 
and D{S)p~^ is a square modulo p'^ or 2 ) p^ \ D{S). Thus, if || D{S), a'g{S) vanishes. 

Assume 1) holds, and let s G (Z/p^Z)^ be a square root of D{S)p~^. We see by Lemma 5.4 that 
b = b± where b± := (2/3p“^ ± s)(2ap“^)“^ and that p f (a', 213', 7 '). We have 

a'siS) Y x{z{l - z){-i - zap-%‘^)^ Y 

be(Z/p2z)x rf|(a,2/3,7) 

ze(Z/pZ)x p\d 

b=b± 
z^l{p) 


Now assume that p^ || D{S). Then, 08 ( 5 ') = 0 unless p'^ || 2/3. Assume this. Then by Lemmas 5.3 
and 5.4, {b = 2f3p~‘^{2ap~'^)~^ +py ■ y G Z/pZ} C (Z/p^Z)^ are solutions of the polynomial fs{x) 
modulo Further, we have that p \ (a', 2/3', 7 ') if and only if D{S)p~^ is a square modulo p and 

{2ap~^y)‘^ = D{S)p~^{p). Moreover, f (a', 2^, 70- Hence, 


a'%{S)=V^'" ‘^( Y x{zO-- z){-i - zap ‘^{2j3p ‘^{2ap ^ + pyf))'^ 

yeZIpZ 

z&(ZlpZ)x 

z^l{p) 


Y 

d\ia,23a) 

p\d 


p-^D{S) 

d 2 


+( i + x:(7)p-! ))p2»,-4( ^ ,^(,(1 

y&Z/pZ 

z^{zipZY 

( 2 ap-‘‘y) 2 =D(S)p-®(p) 

2^1 (p) 


z)i'y-zap ^(2/3p ‘^{2ap ^+py)^))) 











FOURIER COEFFICIENTS FOR TWISTS OF SIEGEL PARAMODULAR FORMS (EXPANDED VERSION) 33 


E (pd)"~'C4 


p\d 


{pdy 


)) 




ze 


z^l{p) 


p\d 


+ 


(1 + X(-D(5)p E x{z{l - z){j - A ^(ap *) ^{2(3p 


ze 


2 ^i(p) 




dl(a,2^,'y) 

pfd 


{pdY 


=p‘^^-^( E xizap-^)] E 


,p-^D{S) 


ze 


z^l{p) 

+ {l + xiD{S)p-^))p^^-^ 


rf|(o:2/3,7) 

p\d 


d? 


E X(2:ap 




2 E(Z/pZ)^ 

2 ^ 1 (P) 


'i|(«,2/3,7) 

pfd 


= -p- 




rf|(a, 2 ^, 7 ) 

pfrf 




'^I(“>2/3,7) 

pfd 


We now assume that || D{S). Then, a'^{S) = 0 unless p^ || 2/3. Assume this. Then by Lemmas 
5.3 and 5.4 {b = 2j3p~‘^{2ap~^)~^ + py '■ y ^ 'LfplX) C il^jp^'L)^ are solutions of /s(x) modulo 
p^. Further, we have that p \ {a',2f3','y') if and only if 6 = 2l3p~‘^{2ap~^)~^{p^). Moreover, 
f (a', 2/3', 7 '). Hence, 

4(5') x{z{}-z){-i - zap~'^{2j3p~‘^{2ap~‘^)~^+pyf ))^ E 


yeZ/pZ 

ze{zipZ)> 

z^l{p) 


d| ( 0 , 2 / 3 , 7 ) 

p\d 


+ ?“-“( E ^( 41 -^)h-^ap-‘‘(2/3p-"(2ap-‘‘)-‘)"))) > ) 


ze{i/pzy 

z^l{p) 


rf|(o,2/3,7) 
pfd 


{pdy 

-4 i 


p2^-3x(ap-4 ^ 4-'c4^^^)-p2fc-4^(«p-4 E 


<i|(o,2/3,7) 

pfd 


'i|(o,2/3,7) 

pfd 


[pdf 


Finally, assume that p® | D{S). Then, a'^{S) = 0 unless p^ || 2/3. Assume this. Then by Lemmas 
5.3 and 5.4 {b = 2/3p“^(2ap“^)“^ + PP : P £ Z/pZ} C (TjlpT,)^ are solutions of the polynomial 
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fs{x) modulo p^. Further, we have that p \ (a', 2/3', 7 ') if and only if 6 = 2f3p ‘^{2ap 
and only if | (o', 2/3', 7 '). Moreover, f (a', 2/3', 7 '). Hence, 




(r) if 


r'(5)=p2fc-4( x{z{l-z){j-zap-\2f3p-\2ap-Y^+pyf))) Y. 


y&>lpL 

zG{ZlpZ)> 

z^l{p) 


<i|(«,2/3,7) 
p\d 


_^p2fc 4( - z){j - zap ^{2l3p ‘^{2ap 




z^l(p) 




d\{a,‘ipn) 

p\d 


{p‘^dy 




d|(«,2/3,7) 

p\d 


P^-'Rop-) E + 


d|(«,2/3,7) 

p\d 


{p^d)"^ 


For a'i 2 {S)-, we see that pf 7 ' and hence 

a'i2{S) = - {I - p~^)x{ap~^) Y d!"~^C^{^^^). 


<^I(«:2/3,7) 

pfd 


For a'^ 3 ( 5 ), we see that p\ a' and hence 


«'i3('S') =P^ ^x{oip '^){px{D{S)p ^)-1H(1,7)) Y d’' 

<^I(o:2/3,7) 

pfrf 


Finally, for 034 ( 5 ), we see that p\ a' 


ai4('5)=(l-p ^)x(ap Y d!" 


d\{a,2P,^) 

p\d 


Next, c^{S) vanishes unless p^ \ D{S) and x(ap = x( 7 )- Assume these conditions. Then, 


c^(5) =a^,{S)=p^^-\{ap-^)W{l,D{S)p-^)a{[ 


ap ^ 2j3p ^ 


^-2 


--p^^-\{ap-^)W{l,D{S)p-^) Y d^-^C^{ 

<^I(«:2/3,7) 


2j3p- “ 7 

p-^D{S). 


]) 


d2 
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Now, d^{S) = ag(5) + a'^Q(5). Consider first ag(S'), which vanishes unless \ D{S) and there 
exists an a G satisfying 2ap~^a = 2(3p~‘^. Assume this. Then, 


ag{S) =p^^ ^x{oip '^)x{D{S)p ^)a{S[ 
=p^^-^x{ap~^)x{D{S)p~^)a{S[ 


-2 


-ap ^ 

p-i 


]) 




ap ^ (/3p ^ — aap ‘^)p ^ 

{/3p~‘^ — aap~'^)p~^ P~^{x — 2aj3p~‘^ + a?‘ap~^) 

p-^D{S)^ 


]) 


d\{oi,2l3,'f) 

p\d 


(P 


Consider a']^Q(5), which vanishes unless p^ \ D{S) and || 2/3. Assume this. Then 

a[o(S) =P*'‘-\(ap-*) 


<^I(0:2/3,7) 

p\d 


We now show that a^{S) vanishes. First suppose that p^ || D{S). Then c^(5) = dy^{S) = 0. 
Notice that the terms a']^ 4 ( 5 ') and 0 ^ 2 («S') of b^{S) cancel one another, so we consider the five 
remaining terms. 

Assume first that p \ 7 , and hence that || 2/3. Then, 
a^(5) = b^{S) = a'(5) + a' 3 ( 5 ) + a'(5) + a'(5) + a>,,{S) 

=-P“^(x(ap“^)+ x(-ap“^)) • Y 


d\{a,2t3a) 

P\d 


■P \p-2)x{-ap ^ 


d\(a,2f3,-y) 

p\d 


+ P \{-ap ^)( ^ 


d\{a,2l3,-y) 

p\d 


d\{a,2f3,^) 

P\d 


' {p‘^dy 


+ P "^Xi-ap Y W{l,2l3p ‘^-xap Y ) 


x^JjIpL 

fsP)= 0 {p) 


d|(«,2/3,7) 
p\d 


{p^dy 


+ p‘^{ Y. x[z{l - z){x - zap Y 

fee(Z/p2z)x d|(o,2/3,7) 

z&iZIp'ZY P\^ 

b=b± 
z^l{p) 

+ p-\{ap-y Y 

d|(a,2/3,7) ^ 

p\d 

= p~‘^(^-{p-3)x{-ap~y + x{-<^P~'^){ Y W{l,2f3p-‘^ - xap-y) 

x&ijpL 

fs{x)=0{p) 
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+ xiz{l - z)i^ - zap ^b^)y 

b£{Zlp‘^Z)^ d\(a,20,'y) 

z£{Z/pZ)'^ P\d 

b=b± 
z^l{p) 

= P~^x{-ap~'^)(^-{p-3) + {p-2)+ X(l-^))- Y 


z&{zipzy 

z^l{p) 


<i|(«,2/3,7) 

p\d 


We now consider the case that p f 7 . We will further assume that p ‘^D{S) is a square modulo p, 
and hence by Hensel’s lemma is a square in Zp. Let s G Zp be a square root of p~^D{S). We have 


a^iS) =b^iS) = 4 ( 5 ) + 4 ( 5 ) + 4 ( 5 ) + 4 ( 5 ) + 43(5) 


'( Y xiviap ^( 1 - 2 /) ^b 






b,x,y£{Xlp'Z)^ 

fs{b)=0{p) 


d|(«,2/3,7) 

p\d 


^pk ^ x(y(l-4(«P ^(l-y) ^{y - x)b‘^ + 2l3bp ^-7X ^ 


b,x,y£{'Zlp'Ij) ^ 

E 

d|(«,2/3,7) 

p\d 


+ /-'(X(7)(P + 1) - x(-«p-")^^(l,2/3p-2)) 4-1^4^^^) 


<^l(a,2/3,7) 

pfrf 


+ 4 ‘^x{-otp ^)( Y W^(l>2/?p 2-xap ^)) ^ (pd)*^ ^g0( ^ 


x^JjIpIj 

fs{x)=0{p) 


(^I(«,2/3,7) 


+ p2fc-4( ^ x(4i-4(7-^«p""&')) E 

b<z{T,lp'^ZY (i|(a,2/3,7) 

z&iZIpZY P\d 

b=b± 

2 ^ 1 (p) 

+ p^“^x(ap“'^)(p+ 1 ) E 4"^C'<^(^^—^^) 

<i|(o,2/9,7) 


,P-"I)(5). 


*( E x(2/(ap "^(l-y) ^ 6 ^- 73 ^ ^)) + E x4(l-^;)(7-^ap 


b,x^y£{XlpZ)^ 

x,y^iip) 

fs{b)=0{p) 


be{zip^zY 

zeizjpZY 

b=b± 

z^l{p) 
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- 2x{-ap ^)) • ^ {p^d)^ 

p\d 


+ P x{y{'^ - x){ap ^(1-2/) ^{y - x)b‘^ + 2l3bp ^ - 7 X ^)) 


b,x,yG{Zlp1j) ^ 


Let 


+ X(7)(P +1) - x(-ap ‘^)W{l,2(3p ^) + xiap ^)(25 + l))- ^ (pd)^ 

d|(«,2/3,7) ^ 

p\d 

x(y(ap~^(l-y)~^b^-'yx~^)} + ^ x(^(i - z)(7 - zap-‘^b^)) 


h^x^y^{^lpl2) ^ 
fs(b)=0{p) 


be(z/p2z)x 

ze{z/pZ)^ 

b=b± 

z^l{p) 


-2x{-ap ^). 

We will show that A vanishes. Indeed, 

A = - 2x{-ap~'^) + x{y{o!p~‘^{l-y)~^b‘^-7x)) - Y x(y(ap"^(l - 


b,?;e(Z/pZ)x 

y^Ap) 

fsib)=0{p) 


6,ye(Z/pZ)x 

y^Hp) 

fs{b)=0{p) 


Y x{y{ap ‘^{1-y) ^b'^- 7 )) + Y x{z{'^ - z ){7 - zap %‘^)) 

b,y^7LlpT.Y b^7Llp^%Y 

y^l{p) z&i'Llp'&Y 

fs{b)=0{p) b=b± 

z^l{p) 

2x{-ap~*) - 2x{ap~^) Y ^(^(1 “ v)) 

y^WpW 

y^Yp) 

Y x(y(l-2/)(7-2/ap"^^^)) + Y x[z(\ - z){ri - zap-%^)) 


b,y&{'Llp'EY 

y^Yp) 

fs{b)=0{p) 


b&i'Llp'^ZY 

z&iYIpiY 

b=b± 

2 ^ 1 (p) 


= 0 . 


Here we have used Lemma 4.1 for the last equality and two sequential changes of variable on y for 
the penultimate equality. Now, applying Lemma 5.6 we have that a^{S) = 0. To complete the 
calculation for || D{S) we consider the case that p f 7 and D{S) is not a square modulo p. Since 
the polynomial fsix) has no roots modulo p, several of the terms in ay^{S) vanish. Therefore, again 
applying Lemma 5.6, we have 

a^{S) =b^{S) = 4(5) + 4(5) + 4(5) + 4(5) + 43 ( 5 ) 

=/“^( Y x{yi'^ - x){ap~^{l - y)~^{y - x)b‘^+ 2l3bp~‘^ - 7 x~^))y 

b,x,y^{'Elp'Z) ^ 

^,y^Yp) 
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c*I(«,2/3,7) 

pfd 


p-^D{S) 

d 2 


+ / ^{x{l)-PX{l)-x{-ap ^)W{l,2l3p 2 )) ^ 

<i|(Q,2/3,7) 

pfd 


+ p^ ^X{ap ‘^){l-p) Y1 

<i|(«,2/3,7) 

p\d 


= 0 . 


Next, we consider the case when p^ || D{S). There are two possibilities, p \ 7 and p^ \ 2/3 or p f 7 
and p‘^ II 2/3. We consider first the case when p | 7 so that p^ \ 2/3. Notice that in this case, p‘^ f 7 . 
We have a^{S) = b^{S) so that 


ax('S') =p ^(p-l)(x(ap ^) + x(-ap ^)) ' (pd)^ 

d|(a,2/3,7) ’ 

p\d 

-p-\p-l)x{-ap~^){ Y 

c/|(q:, 2/3,7) d|(Q:,2/3,7) 

pfd pfd 

+ p“7{-ap“‘‘){p-1) E 

pfd 

-p~‘^{p-l)x{ap~^) Y 


<i|(a, 2 ^, 7 ) 

pfrf 


= 0 . 


Now assume that p + 7 so that || 2/3. Then we must have that y(ap = 7 ( 7 ). Hence, 
a^{S) = b^{S) + c^{S) so that 


ax{S)=P Y x{y{ap ^{l-y) ^h^-xx ^))) • Y 

h,x,y&{Zlp'E)'^ (i|(Q,2/3,7) ^ 

x,y^l(p) p\d 

fs{b)=0(p) 


+ P Y x{y{'^-x){ap ^( 1 -y) ^{y -x)b'^ + 2l3bp ^ - 7 X ^))) 

fo,a^,yG(Z/pZ) ^ 


E 

<i|(a,2/3,7) 

pfrf 


{pdf-^C^{ 


p-‘^D{S) 

{pdY 
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+ P ^(x(7) + x(-ap ^)) (pd)’" 

rf|(«,2/3,7) ^ 

p^d 

+ P~^x{-ap~'^)[ Y W{l,2l3p~‘^ - xap~'^)'j Y iP^d)^~^C^{^^^) 

x&jpTL d|(a,2/3,7) ' 

fs(^)=0(p) pfd 

+ p-^x(ap-^) Y 

JY 

(p^d)^ 


dKa,2/3,'y) 
pfd 

P~Y(apY Y 


dKa,2/3,-y) 

pfd 


=P 


-2 


dl(a,2/3,j) 
pfd 


+ x(-7))' E 


+ P “( - AW-X'(-ap ‘‘)) ■ E (Pti)'" ^ 


<i|(o,2/3,7) 

pfrf 


+ P ^(x(7) + x(-ap ^)) Y 


rf|(«,2^,7) 

pfd 


P 


<i|(«.2/3,7) 

pfd 


^x(-ap X] ^P^Y 


+ P \{ap Y 

(p‘^dy^ 


i^I(«>2/3,7) 

pfd 


p \{ap 


(^1 (“>2/3,7) 
pfd 


= 0 . 


Here we have used Lemmas 5.5 and 5.6 to evaluate the character sums. 

We now assume that p® | D{S) and p® f D{S). Assume first that p \ j- In this case, we see that 
in fact, p^ I 7 and p^ \ 2/3. Hence, 


a^iS) =b^{S) + c^{S) + d^iS) 

=P~^{P - 1 ) (x{ap-^) + xi-apY) • Y 

d| (“,2/3,7) ’ 

pfd 
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P ‘^Xi-ap ^)(P-1)( X] 

d\{a,2l3,'r) ^ 

p\d 

+ j : (p^-tf-'c.i^) + y: 

rf|(Q:,2/3,7) d\{a^2/3,'y) 

p\d p\d 


+ P \p-l)x{-OiP Yl + (p^d)’^ 

d|(a,2/3,7) ^P ^ ^P ’ 

p\d 

-p~‘^{p-l)x{ap~^) Y 


d|(a,2/3,7) 

p\d 


= 0 . 

Now suppose that p f 7 so that \\2j3 and x(a;p“^) = 7 ( 7 ). Further we assume that p® || D{S). 
Then, 


a^{S) =b^{S) + c^{S) + d^{S) 

=p~^{ Y xivi'i-- x){ap~*{l-y)~^{y - x)b^+ 2f3bp~‘^-'yx~^))'j 

b,tc,yG(Z/pZ) ^ 

2f3p~^=2ap~'^b{p) 

d|(a,2/3,7) ’ d|(a,2/3,7) 

(pfrf pt<^ 


+ P X] x(y(l-a:)(ap ^(1-2/) ^{y 

b,a:,yG(Z/pZ) ^ 


E ipdf~^C^( 

<i|(o,2/3,7) 

ptd 


{pdY 


x)b^ + 2l5bp ^ — 7X 


+ P ^(x(7) + x(-ap ^)) E 


<i|(«,2/3,7) 

p\d 


P \{-ap E i^P^d)’^ + (P'^d)^ 


<i|(«,2/3,7) 

pfd 


' {p^dy 


P ^X{ap y Y ^P^df 
d\{a,2y,^) 

p\d 

p-^{l + x{D{S)p-^))x{ap-y Y 


d\{a,2y,-y) 

p\d 
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+ p-\iap-^) 

d|(a,2/3,7) ^ 

p\d 


+ P ^(p-l)x(ap ■*) ^ (pV)* 

ptd 

d|(a,2/3,7) ^ 

ptd 

+ x(- 7 ))'( E E 

d|(Q:,2/3,7) cZ|(q,2/3,7) 

(pfd Pt'i 

+ x(-ap"^))- 


c^I(«.2^,7) 

p((i 


+ P ^(x(7) + x(-ap ^)) Y. ^P^^^ 

d|(a,2/3,7) ^ 

p\d 


-P \i-ap X] 

d|(a,2/3,7) ^P ’ ^P > 

P\d 

-p-^xiap-^) Y (P‘^d)’'~^^4>ij^§2) 

d\{a,20,y) ^P ’ 

p\d 

-p-^{l + x{D{S)p-^))x{ap-^) Y 

d\{a,20,'y) 

p\d 

+ p-\iap-^) Y 

'^I(«:2/3,7) 

p\d 

+ p-^(p-l)x(ap“‘‘) E (P^‘')*^'C’'*( 7 ^ 7 ^) 

ptd 

+ p-2x(ap-4)x(E)(S)p-6) ^ iP^dY~^C^{^^) 


'i|(«,2/3,7) 

pfd 


= 0 . 


Here, we have used Lemmas 5.5 and 5.6 to evaluate the character sum. We are still in the case 
that pf 7 so that || 2/3 and x(®P~^) = x(7)- Further we assume that p'^ || D{S). Then, 


a^{S) = b^{S) + c^{S) + d^{S) 
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=P 


-2 


( ^ x(l/(l-x)(ap ^(1-y) ^(y - x)b^ + 2/3bp ^ - jx ^ 

h^x^y<^{'LlpL) ^ 

2l3p~‘^=2ap~^b{p) 

d\{a,2l3,'f) ' d|(o,2/3,7) ’ 

(p\d p\d 

+ ^~^( X] x(y(l - a;)(ap“"^(l - y)"^?/- 2 ;)^^ + - 73 ;"^ 

fo,a;,yG(Z/pZ)^ 


<^I(«.2/3,7) 

pfd 


+ P ^{x{l) + x{-ap ^)) {pdf ^C'<A(^P) 


(^I(«:2/3,7) 

pfd 


P "x(-«P {{p^df + {p^df ^C^{ ^ 


<^I(o:2/3,7) 

p\d 


{p^dy 


P ‘x(ap “) E (7# 2;^(qp I) ^ (pS^ji 

pfd pfc* 


+ P ^x(ap ^) 

dl(a,2y,j) ^ 

pfd 

+ p~fp - l)x(ap~f {P^df-^C^i^^^) 

c*I(«,2/3,7) 

p\d 

+x(- 7 ))^( E + E (p'‘'>‘'‘c*(j§§)) 

d|(a,2/9,7) <i|(«,2/3,7) ^ 

{p\d p\d 

+ x{-ap~f)- Y1 

<i|(Q,2/3,7) ^ 

pfd 

+ P“^(x(7) + x(-ap“^)) 

(^I(«:2/3,7) 

pfd 

-p-\{-ap-f Y1 {{P'df~^^f^^) + {p'^df-^c^{^^^)) 


<^I(o:2/3,7) 

pfd 
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p\d 




'^l(a:2/3,7) 

p\d 


DjS) 

{p^dy^ 


+ P ^x{ap Y ^(p-l)x(ap Y 


<i|(o,2/3,7) 

pfd 


c*I(“>2/3,7) 

pfrf 


(p'^dy 


= 0 . 


Here we have again used Lemmas 5.5 and 5.6 in evaluating the character sums. We now consider 
the case where p® | D{S). We first assume that p \ 7 . In this case, we have that p® | 2/3 and in fact 


2 , 

P I 7- 


a^(5) = 6^(5) + c^(5) + d^(5) 


=p ^(p-i)(x(«p '‘) + x(-«p 


-4\ 


„-4 




'i|(«,2/3,7) 

pfd 


P 


-^Xi-ap ^){p-l) Y 


'i|(a:2/3,7) 

pfd 


' {p^dy 




+ p ^(p-i)x(-op “) E + (p’"*)* 


<i|(o,2/3,7) 

pfrf 


' {p^dy 


P ^(p-l)x(ap X] 


'i|(a,2/3,7) 

pfd 


= 0 . 


Finally, consider the case where p® | D{S) and j?f 7 . Then 

a^(5) = 6^(5)+ c;,(5) +4(5) 


=P 


-2 


( Y x{yy^-x){ap “^(l-y) ^{y - x)b^ + 2pbp ^ - 7 X ^ 


b,x^y£{7jlp'Z)^ 
2/5p“^=2cKp“^6(p) 


( E (p'‘‘i)‘^‘G{7|§()+ E 

d|(a,2/3,7) ^ rf|(a,2/3,7) ’ 

{■p\d p\d 


+ P X] x(2/(l - a:)(ap "‘(l-y) ^(y - x) 6 ^ + 2/36p ^ - 7 X ^ 


b^x^y^iyLlplj) ^ 
3;,y^i(p) 
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+ P ^(x(7) + x(-ap ^)) {pdf 

d|(a,2/3,7) > 

p\d 

-p-\{-ap-f Y i{p‘'df~^^<p{^^) + {p'^df~^^fY^^)) 


d\{a,2l3,'f) 

p\d 


' {p^dy 


■P V(ap f Y 


d\{a,2t3n) 

p\d 


■p \{ap f Y 


d\{a,2t3n) 

p\d 


' {p^dy 


+ P \{ap f Y ^P^^^ 


d\{a,2t3n) 

p\d 


+ P ^(p-l)x(ap ^) {p^df 

d|(a,2/3,7) ’ 

P\d 

+ p-^x(ap^^) Y. 

^ ’ rf|(a,2/5 

pfd 

+ P"^(x(7)+ x(-ap"'^)) X] 


c*I(«>2/3,7) 

pfd 


=P 


-7 


<i|(Q,2/3,7) 

(pfrf 


d\{a,2P,'y) 
P\d 


■p 


-ap 


d\{a,2l3,'y) 

p\d 


d\(oi,2l3,'~i) 

P\d 


{pdf 


-p \{-otp f Y + 


d\{a,2l3,'y) 

p\d 


P\d 

p^'xiap-^) Y 

fd 

■p-\{ap-f Y i{p'^df~^^<t>{^^^) + {P‘'^)''~^<^<t>{j^^)) 


' {p'^df 
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+ P \{ap X] 

d|(a,2/3,7) > 

p\d 


+ P ^(P-I)x(ap Y1 


<i\{oi,2l3,'y) 

p\d 


{p'^dy 


+ P \iap X] 


<i\{a,2P,'y) 

p\d 


= 0 . 


Hence, a^{S) = 0. 

Case (v): By assumption, p‘^ \ 2/3 and p^ \ a. Then by Theorem 3.1 we have 

1 —bp~^'^ 


yS) =(1 - p yx(7)a(S) - p ^X(7) ^ a(5[ 

be(z/pZ)x 


1 


]) 


P 


k-3 


x{0-- x){2j3bp 2 - 7 X ^))a(5[ 


be(Z/pZ)x a;e(Z/pZ)x 
a;^l(p) 


p ^ —bp ^ 


]) 


+ / ^X(7)(l-P + PX(-4det(S)p ^))a(S[ 




-1 


1 


- p “- A (- 7 ) E “(^1 


b&{Zlp'^Z)^ 

p^\(ap~^b^ — 2l3p~^b+'f) 


p ^ —bp ^ 

p-i 


=(1-P )x(7)a( 


a P 

/? 7 


)-P ^X(7) Y1 

6e(z/pZ)x 


a /3 — bap ^ 

(3 — bap~^ 7 — 2l3bp~^ + b‘^ap~‘^ 


/ ^ X] x((l - a;)(2/3&P ^- 7 x ^))a( 


b,xe{ 

x^l(p) 


_2 

ap 


j5p ^ — bap ^ 

I3p~^ — bap^^ 7 — 5(2/3p“^) + b‘^ap~^ 


+ / ^X(7)(l-P + PX(-4det(5)p ^))a( 


ap Pp ^ 


Pp ^ 7 


-p“-"x(-7) 


E 


b£(Zlp‘^Z)x 

p^\(ap~‘^b^—2ldp~^b+'y) 


ap 


-2 


(3p ‘^ — bap ^ 


jdp ^ — bap ^ P ^{7 — 2/3p ^b + b^ap ‘^) 


We consider the first and second summands together. They both clearly vanish in the case that 
p I 7 . Assume that p f 7 . Then p f 7 — 2(3bp~^ + b^ap~^. Hence, applying the formula (10), we see 
that the two terms sum to zero. For the third summand, we consider two cases. First, assume that 
p I 7 . We claim that the summand is zero. Evidently, x{~7x~^ + 2[3bp~‘^) = 0 if | 2/3, so assume 
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that II 2/3. This implies that pf 7 — b{2l3p + b‘^ap Hence in this case, the third term is 
k—'i( \ ^ \ ^ 


-p 


( xiil - x)2(3bp ^)y Yj pp ) 


b,x&('LlpZY 
x^l{p) 


<i|(«,2/3,7) 
p\d 


Summing over b, we see that this is zero. Now consider the case when p f 7 . Then, p \ (a', 2/3', 7 ') 
if and only if 7 = 2/3p~‘^b{p), and moreover p‘^ f (a', 2/3', 7 '). Hence the third summand is 


p 


fc-3 


X(- 


-jx 




b,x&{ZlpZ)^ 

x^l{p) 

7=2/3p-2f)(p) 


c*I(«:2/3,7) 

p\d 


{pdf 


p 


fc-3 


( X] x{{'^ - x){2/3bp 2 - 7 X ^ 




b,x&(ZlpZY 

x^l{p) 

■y^2l3p-'^b{p) 


<^I(«:2/3,7) 

P\d 


(P 


= -p 


k-3 




b,x&{ZlpZ)>^ 

x^l{p) 

7=2/3p-2f)(p) 


c*I(«:2/3,7) 

pfd 




P 


k—S 




6,xG(Z/pZ) ^ 


<i|(a,2/3,7) 
P\d 


,k-l^ tP ^D{S). 


=p’" ^x(-7) (pd)’^ ^C^{- . .2 7 

fee(Z/pZ)x d|(a,2/3,7) ' 

7=2/3p“2fe(p) 

+ p""'x(7)M^(l,2/3p-2) 


<i|(a,2/3,7) 


For the fourth summand, we see that the term is zero if p | 7 , so assume that p f 7 . Then, the term 
is 

P^"^X( 7 )( 1 -P + PX(-4det(5)p"^)) Y 

<i|(«,2/3,7) 

p\d 

For the hfth summand, we observe first that if p | 7 or | 2/3 the sum vanishes. So assume, that 
p f 7 and p^ II 2/3. Then, we see that there is a unique solution to the polynomial modulo p^, so 
that the fifth summand is 

-p'"-"x(-7) E 
d\{a,23,Y 

P\d 

Adding the five summands together, we see that ay.{S) = 0. □ 
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5. Lemmas 

Continuing with the notation of Section 2 for p and X) we collect several technical lemmas. Let 
A,B,C G Z and set D = — 4AC. In this section we will often use the following polynomial 

identity: 

+ BX + C) = {2AX + Bf-D. (11) 

The following lemmas are applied in the proofs of Theorem 3.1 and Corollary 3.2, typically with 
A = ap-\ B = -2/?p-2, and C = 7 . 

Lemma 5.1. Let si,S 2 G Z with {si,p) = {s 2 ,p) = 1. If sf = ip^), then si = ±S 2 {p^)- 

Proof. Assume that si ^ S 2 (p^) and si ^ —S 2 (p^); we will obtain a contradiction. We have 
(si — S 2 )(si + S 2 ) = 0 (p^). It follows from our assumption that si = S 2 (p) and si = —S 2 (p). 
Therefore, 2si = 0 (p). This contradicts (si,p) = 1. □ 

Lemma 5.2. Let A,B,C G Z, and assume that {A,p) = 1. Set f{X) = AX^ + BX + C. Let 
D = B^ — 4:AC. For r G Z and A; G {1, 2} we say that r satisfies R{k) if 

R(k): 2Ar + B = 0 (p^“^) and f{r) = 0 (p^). 

Let ri,r 2 G Z and k G {1,2}. Assume that n = r 2 (p). Then ri satisfies R{k) if and only if r 2 
satisfies R{k). Thus, the concept of an element of'L/p'L satisfying R{k) is well-defined. 

(i) Assume that {D,p) = 1 and D is not a square mod p. Then no element of'L/p'L satisfies 
R{k) forke {1,2}. 

(ii) Assume that {D,p) = 1 and D is a square mod p, so that there exists s € L such that D = 
s^{p). The set of elements of L/pL that satisfy R{1) is {(—i? + s)(2A)“^, (—H —s)(2A)“^}. 
No element ofL/pL satisfies R{2). 

(hi) Assume thatp\\D. Then the set of elements ofL/pL that satisfy R{1) is {—B{2A)~^}. No 
element ofL/pL satisfies R{2). 

(iv) Assume thatp^\D. Then the set of elements ofL/pL that satisfy R{1) is {—B{2A)~^'\, and 
the set of elements ofL/pL that satisfy R{2) is {—B{2A)~^'\. 

Proof. Suppose that ri satisfies R{k). Write r 2 = ri + np for some n € L. Then 2 Ar 2 B = 
2Ari B 2Anp = 0 (p^~^). Also, using (11), a computation shows that 4Af{r2) = 0 (p^). Hence, 
r 2 satisfies R{k). 

(i) This follows from (11). 

(ii) The identity (11) implies that the elements of {{—B + s)(2A)“^, {—B — s)(2A)“^} C Z/pZ 
satisfy I?(l). Conversely, assume that r £ L satisfies I?(l). Then (11) implies that (2Ar + B)'^ = 
D = s^(p); hence, the image of r in Z/pZ is in {{—B + s){2A)~^, {—B — s)(2A)“^} C Z/pZ. 
Assume that r £ L satisfies R{2). Then by (11) we have (2Ar + B)'^ = D = s^ (p). Therefore, 
2Ar -£ B = (p). By R{2), we also have 2Ar + B = 0 (p). Hence, s = 0 (p), a contradiction. 

(hi) The identity (11) and the assumption p\\D imply that the element of {—B{2A)~^'\ C Z/pZ 
satisfies i?(l). Conversely, suppose that r £ L satisfies ii(l). By (11) we have (2Ar + B)^ = 0 (p), 
so that r = —B{2A)~^ in L/pL. Suppose that there exists r £ L that satisfies R{2); we will 
obtain a contradiction. By (11) we have (2Ar + B)^ = D = O(p^). Therefore, since D = 0(p), 
2Ar + B = 0 (p). This implies that (2Ar + B)^ = 0 (p^). Hence, D = 0 (p^), contradicting p||B. 
(iv) This is similar to previous cases. □ 

Lemma 5.3. Let A,B,C £ L, and assume that (A,p) = 1. Set f{X) = AX^ + BX + C. Let 
D = B^ — 4:AC. Let S be the set of r £ Z/p^Z such that f{r) = 0 (p^). 


48 


JOHNSON-LEUNG AND ROBERTS 


(i) Assume that {D,p) = 1. Then S is non-empty if and only if D is a square mod p^. 

Moreover, if D is a square in and s € Z is such that D = s^ iv^), then S = 

{{-B + s){2A)-\{-B - s){2A)-^}. 

(ii) If p\\D, then S is empty. 

(iii) If p^\D, then S = {—B{2A)~^ +py : y G ZjpZf. 

Proof, (i) Assume that r G Z is such that /(r) = 0 (p^). By (11), {2Ar + = D (p^). Thus, D 

is a square in Z/p^Z. Conversely, assume that H is a square in Z/p^Z, and let s G Z be such that 
D = s^ (p^). By (11) if r G Z is such that r = {—B ± s)(2A)“^ (p^), then /(r) = 0 (p^). It follows 
that {—B ± s)(2A)“^ G S. Finally, assu m e that r' G S. Again, we have (2Ar' + Bf^ = D (p^). By 
Lemma 5.1 we have 2Ar' + B = ±s (p^), i.e., r' = {—B ± s)(2A)“^ {p^)- Thus, S is as specified. 

(ii) Assume that S is non-empty; we will obtain a contradiction. Let r G S. By (11), (2Ar+B)^ = 
D (p^). Since p\D, it follows that 2Ar + i? = 0 (p). This implies, in turn, that p‘^\D, a contradiction. 

(iii) In this case we have the identity f{X) = {2AX-\-B)'^ (p^). It follows that if r G {—B{2A)~^-\- 

py : y G Z/pZ}, then /(r) = 0 (p^), i.e., r G S. Conversely, suppose that r G S. By the just 
mentioned identity, (r -|- B(2A)~^)‘^ = 0 (p^). This implies that r + B{2A)~^ = 0 (p), so that 
r G {—B{2A)~^ +py :y G Z/pZ}. □ 

Lemma 5.4. Let the notation be as in Lemma 5.3. Let r G Z, and assume that the reduction mod 
p^ of r is in S, so that f{r) = 0 (p^); by Lemma 5.3, {D,p) = 1, or p^\D. For k a positive integer, 
define the statement R{k) as: 

R(k): (2A)r = -B (p^) and f{r) = 0 (p^+2). 

Then: 

(i) If {p, D) = 1, then R{1) does not hold. 

(ii) Assume that p^||Il. Then R(l) holds if and only if r = —B{2A)~^ +py (p^) for some y G Z 
with {2Ay)‘^ = Dp~^ (p). Also, R(2) does not hold. 

(iii) Assume thatp^\\D. Then R(l) holds if and only if r = —B{2A)~^ (p^). Moreover, R(2) 
does not hold. 

(iv) Assume thatp^\D. Then R(l) holds if and only if r = —B{2A)~^{p‘^). Also, R(2) holds if 
and only if r = —B{2A)~^{p‘^). 

Proof, (i) Assume that R{1) holds; we will obtain a contradiction. By (11), (2Ar -|- B)‘^ = D (p^); 
this implies {2Ar + B)^ = D (p). By R{1), 2Ar + B = 0 (p). Hence, D = 0 (p), a contradiction. 

(ii) Assume that p^||Il. By (3) of Lemma 5.3, there exists y,z G Z such that r = —B{2A)~^ -\- 
py + p^z (p^). By (11), /(r) = 0 (p^) <;=> (2Ay)^ = Dp~'^ (p). The first assertion of (2) follows 
from this equivalence. Assume that R{2.) holds; we will obtain a contradiction. Since R{2) holds 
we have {2A)r = —B (p^). On the other hand, R{2) implies R{I), so that by the first assertion 
of (ii) we have r = —B{2A)~^ + py (p^) for some y G Z with {2Ay)‘^ = Dp~^ (p); in particular, 
{y^p) = 1 since p‘^\\D. This is a contradiction. 

(iii) Assume that p^\\D. Assume that i?(l) holds. Since R{1) holds by (11) we have (2Ar -|- 
B)^ = D = 0 (p^). Therefore, r = —H(2A)“^(p^). Assume that r = —B{2A)~^{p‘^). Then 
4A/(r) = (2Ar -|- B)^ — D = 0 (p^). Hence, R(l) holds. Assume that R{2) holds; we will obtain 
a contradiction. Now 0 = 4A/(r) = {2Ar + B)"^ — D = —D (p^). This implies that p'^\D, a 
contradiction. 

(iv) Assume that p^\D. Assume that R(l) holds. By (11), 0 = 4A/(r) = (2Ar -|- Bf^ (p^)- 

It follows that r = —B{2A)~^{jP‘). Assume that r = —B{2A)~^{p^). Then (11) implies that 
/(r) = 0 (p^), i.e., R{2) holds. Finally, since R{2) implies i?(l), the proof is complete. □ 
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Lemma 5.5. Let A, B,C £ Z. Assume that {A,p) = 1 and — AAC = 0 (p). Then 

X] “ x){A{l - y)~^{y - x)b‘^ - Bb - Cx~^)) 

b,x,yG{1j/pZ)^ 
b=-B(2A)-^ ip) 

= -Cx~^)) =x{C) + x{-C). 

6,a;,^£(Z/pZ)^ 

fsib)=0ip) 

Proof. To prove the first equality, substitute —Bb = Ab‘^+C{p). To complete the proof, we calculate 

- y)~^iy - x)b^ - Bb- Cx~^)) 

6,3i,j/G(Z/pZ) ^ 

fe-S(2A)-i (p) 

= x(y(i - x)(^(i - yr\y - x){-b{2A)-Y) + b{-b{ 2A)-^) - Cx-^)) 

&,ai,yG(Z/pZ) ^ 

= X] x[y{'^-x)C{-x-^+ 2 + {l-y)-^{y-x))) 

^,y&{'^lp'^)^ 

= ^ x{y{^-x)C{x-l){x + y-l)x~^{l-y)~^) 

3;,p6(z/pZ)^ 

x^y^Tp) 

= X{-C) ^ x(y(l-y)) ^ x{x)x{x + y-l) 

ydiTLIpT)'^ x^i^jpT)'^ 

p^l(p) a;^i(p) 

= x(-C) T(y(i - y))( - x(y) + xix}x(x + y - i}) 

ye(ZlpZ)>^ x&LjpZ 

y^Hp) 

= x{-C) Y1 x(y(i-y))(-x(y) - 1) 

pe(z/pz)>^ 

p^i(p) 

= -x(-C) ^ x(i - y) - x(-C) Y1 x(y(i-y)) 

pe(z/pz)x y(^izipZ)x 

p^i(p) p^i(p) 

= x(-C) + x(C). 

Here we have used Lemma 4.1. □ 

Lemma 5.6. Let A,B,C £ Z. Define 

Y1 x{y{'^ - x){A{l-y)~^{y - x)b^ - Bb-Cx~^)). 

6,3i,i/G(Z/pZ)^ 

a:,P^l(p) 

(i) If A ^ 0 {p), B ^ 0 {p), C ^ 0 (p) and B"^ — 4AC is not a square mod p, then 

M = {p- l)x{C) - x{-A) + {p- l)x{A). 
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(ii) If A ^ 0 (p), B ^ 0 (p), C ^ 0 (p), B‘^ — AAC ^ 0 (p), and B'^ — AAC is a square mod 
then 

M = -{p+ l)x(C') - xi-A) -{P + l)x(^)- 

(iii) If A^ 0{p), B ^ 0{p), C ^ 0{p) and B"^ — AAC = G{p), then 

M = -2x{C)-x{-A). 

(iv) If A^ 0{p), B ^ 0{p) and C = 0{p), then 

M = -x{-A)-x{A). 

(v) If A ^ 0 (p), B = 0 (p), C ^ 0 (p), and B^ — AAC is a square mod p, then 

M = -2x{C)-{p+l)x{A). 

(vi) If A ^ 0 (p), B = 0{p), C ^ 0{p), and B^ — AAC is not a square mod p, then 

M = {p- l)x{A). 

(vii) If A = 0{p), B ^ 0{p) and C ^ 0(p), then 

M = -x{C). 

(viii) If A^ 0{p), B = 0{p) and C = 0{p), then 

M = {p- l)x{-A) + {p- l)x(.A). 

(ix) If A = 0{p), B ^ 0{p) and C = 0{p), then 

M = 0. 

Proof. We have: 

M= xiC^ - x)y)x{-Cx~^ - Bb +A{1-y)-^{y - x)b^) 

b^x^y^{'Z,/p'L)^ 

= x{x{l - x)y{l - y)) 

• x{-C{l -y)- B{1 - y){xb) + A{y - x)x~^{xbf) 

(change variables 6 i—)■ bx~^:) 

= Y1 x{x{l-x)y{l-y))x{-C{l-y)-B{l-y)b + A{y-x)x~^b‘^) 

(change variables y 1 — y :) 

= x{x{l-x)y{l-y))x{-Cy-Byb + A{l-y-x)x~^b‘^) 

b,x,y£{Z/pZ)^ 

= Y1 x{x~'^-'^)x{yi'^-y))x{A{l-y)b‘^x~^-Cy-Byb-Ab"^)) 

b,x,y£{Z/pZ)^ 
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(change variables x ^ x ^:) 

= X] x{y{^-y))x{x-l)x{M'^-y)b‘^x-Cy-Byh-Ab^) 

b,x,y£{Z/pZ)^ 

= ( “ Y1 “ 2/))x(-l) ( - x{-Cy) + Y1 Xi-Cy - Byb - Ah'^)) 

y&{ZlpZ)^ beZ/pZ 

+ X] x(2/(l-2/)) ^ x{x-l)x{A{'^-y)b^x-Cy-Byb-Ab^)^ 

^>>2/e(Z/pZ)x x&LIp% 

y^Av) 

= (x(C)(-i+ ^ x(i-y)) 

y&LjpT. 

-x(-l) X] x(y(l-y)) X] x{-Cy - Byb - Ab‘^) 

y&iZ/pZ)^ beZIpZ 

y^Hp) 

+ x(2/(l-y)) x{x-l)x{M'^-y)b^x-Cy-Byb-Ab^)'^ 

&,2/e(z/pZ)x xez/pz 

^ = ( - x(C') - x(-l) X] x(y(l-y)) Y1 x{-Cy - Byb - Ab^) 

y&iZIp'EY b&lpTL 

y^Av) 

+ X] x(2/(i-y)) X] x(a;-i)x(^(i-y)^^a:-C'y-^2/&-^fe^))- 

b,y&{Zlp'LY x^ZIpZ 

y^Ap) 

(i) In this case, 

M = ( - x{C) - x{-l)x{{^AC)B-\l - {AAC)B-^)){p - l)x{-A) 

-x(-i) Y1 x(y(i-y))(-x(-^)) 

ymipir 

P^(4AC)B-2(p) 

+ X] x(y(i-y))(-x(^(i-y)))) 

fe,pe(z/pz)x 

2/^i(p) 

= ((p - i)x(C') + x(^) X] x(y(i-y))- x(44)(p- 1) J]] x(y)) 

y£{ZlpZ)>^ y£{ZlpZ)>^ 

= ((p - l)x(C') - x{-A) + {p- l)x(4l)) 

= {P- 1)^) - Xi-A) + {p- l)x{A). 

(ii) In this case, 

M =( - x{C) - xi-l)x{{^AC)B-\l - {4AC)B-^)){p - l)x{-A) 
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-x(-i) x(y(i-y))(-x(-^)) 

y(^{I.lpZ)x 

y^{4AC)B-^{p) 


+ {p-l)x{A) x{y) - x(^) X] 

h,y^{%lp'L)x b,y&{'LlpZ)x 

A62+B6+c=0(p) A62+Sfe+C^0(p) 

= ( - (p + l)x(C') - x(-^) - 2(p - l)x{A) + {p- 3)x(2l)) 

= -{p + l)x(C') - x(-^) - (p + l)x( 2 i). 


(iii) In this case 

M =(^-x{C) + x{A) x(y(i-y)) 

y£{Z/pZ)x 

y^Hp) 

+ (p-i)x(^) X] x(y)-x(^) Y 

b,y&{ZlpZ)x b,y&{ZlpZ)x 

A62+Bb+c=0(p) Afe2+_Bfe+c^0(p) 

= ( - x{C) - x(-^) - (p - l)x(^) + {p- 2)x(^)) 

= -x(C') -x(-^) -x( 2 i)- 


(iv) In this case 

M = (xi^) Y x(y(i-y)) 

y£{Z/pZ)x 

y^Hp) 

+ (P-I)x(^) X] x(2/)-x(^) Y 

b,y&{ZlpZ)x b,y&{ZlpZ)x 

A62+S6+C=0(p) Afe2+B6+C^0(p) 

= ( - X(-^) -{P- l)x(^) + (P - 2)x(^)) 

= -xi-^) - x(^)- 

(v) In this case 

M = (^-xiC) + x{A) Y x(y(i- 2 /)) 

y&{ZlpZ)x 

y^^{p) 

+ (P-I)x(^) X] x(2/)-x(^) Y 

b,y&{ZlpZ)x b,y&{ZlpZ)x 

Afe2+B6+C=0(p) Afe2+B6+C^0(p) 

= ( - x(C) - x(-^) - 2(p - l)x{^) + {p- 3)x(24)) 

= -x{C)-x{-A)-{p + l)x{A). 
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(vi) In this case 


b,y&(ZlpZ)> 

y^Hp) 


(vii) In this case 
(viii) In this case 


M=(^-xiC)-x{-A)-xiA) 

b,y&(I 

y^ 

= -x{C) - x{-A) + ip- l)xiA). 

M = -x{C). 


M {p - i)x{A) ^ x{y{'^ - y)) - x{A) ^ 


y&{ZlpZy 
2/^l(p) 

= {p- l)x(-^) + {p- ^)x{A). 
(ix) It is clear that in this case, M = 0. 


b,y(i{ZlpZy 
y^^p) 


□ 
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